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ABSTRACT

The “Table of Relations” and Music Psychology
in Hugo Riemann’s Harmonic Theory

Michael Kevin Mooney

Hugo Riemann (1849-1919) belonged to an era of positivism during
which musicology iooked to the models and methods of the natural
sciences. True to his time, Riemann attempted to establish a harmonic
theory on acoustical and physiological grounds. Finding these grounds
inadequate, he later construed tonal relations psychologically. Riemann's
role in the history of music psychology is not well documented, probably
because his contributions were scattered over an uncommonly prolific and
varied publishing career.

In this study, we trace the emergence of music psychoicgy in
Riemann’s harmonic writings, with reference to a construct that
reappeared frequently in his work. This construct—the
Verwandschaftstabelle, or Table of Relations—had a history priocr tc
Riemann in the music theories of Leonhard Euler (1707-83) and Arthur
von Oettingen (1836-1920). Riemann initially used the Table to
summarize acoustic relations, but by the end of his career it had become a
psychological hypothesis underlying a complex and idiosyncratic theory of
harmony. We believe a study of the Table of Relations is corequisite to

any full appraisal of Riemann’s harmonic theory.
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Introduction

The Table of Relations is a two-dimensional array consisting of perfect
fifths and major thirds. These intervals are “pure” (2 : 3 fifths, 4 : 5 thirds),
and occur along interlocking horizontal and vertical axes that can be
extended without limit. Pure intonation and extension distinguish the
Table from equal-tempered constructs, such as the circle-of-fifths or
Schoenberg’s “Chart of the Regions,” where octave equivalence can be
invoked to set boundaries. The Table has no boundaries. It is appropriate
to think of this vast tonal network spatially; it is a space whose elements
are pitches, not pitch classes, and are thus distinct both in location and
identity. Each pitch “carries ID,” as it were—a number representing its
acoustical frequency—and coordinate pairs, serving as addresses, could be
issued for every pitch in the space.

The Table has received little attention on this side of the Atlantic;
however, two German scholars have discussed it at length. Martin Vogel
has outlined its early history in “Die Musikschriften Leonhard Eulers”
(1960}, an essay written to commemorate the 250th birthday of the famous
Swiss mathematician. The Table has been prominent in subsequent work
by Vogel, but has served mainly to forward his own theoretical views.
Renate Imig’'s highly informative Systeme der Funktionsbezeichnung in
den Harmonielehre seit Hugo Riemann (1970), has linked the Table
with various harmonic systems since Riemann, but has not thoroughly

investigated its significance to Riemann’s harmonic theory. Imig does

ix
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relate the Table to Riemann’s function symbols (a relation that is only
implicit in Riemann’s own writings), but does not probe its relation to
Riemann’s music psychology, particularly his notion that listeners
construct mental representations or Tonvorstellungen of what they hear.
The present study is the first to treat the Table in connection with
Riemann’s psychological conception of tonality.

Overview

Chapter 1 of our study introduces the Table in connection with Euler’s
music theory. Riemann opposed Euler’s numerical approach—especially
as this pertained to issues of consonance and dissonance—but by adopting
the Table of Relations instead of a circle-of-fifths model, he placed himself
within a speculative tradition that included Euler and excluded
mainstream theorists such as Rameau, Mattheson, and Heinichen.

Chapter 2 presents Oettingen’s theory of harmonic dualism.
Oettingen’s resurrection of the Table as a model for harmonic dualism is
of singular importance, since the dualist perspective—exemplified so well
by the Table’s symmetries—became a hallmark of Riemann’s own theory.
The Euler connection we suggest in Chapter 1 was largely a by-product of
Oettingen’s substantial and direct influence on Riemann.

Chapter 3 is an extended treatment of harmonic function, the other
hallmark of Riemann’s harmonic theory. We develop the notions of
“categorical” and “chordal” function in this chapter—the first an abstract
view inspired by Hauptmann, the second a more concrete view inspired
by Oettingen—and relate these to two distinct paradigms: the grofie
Cadenz, and the Table of Relations. Our thesis is that as Riemann shifted
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away from the categorical view and toward the chordal view, the Table
came to dominate his harmonic conception.

Chapter 4 compares Riemann’'s view of music perception with that of
Helmholtz. The Vorstellung concept (introduced in Chapter 3) is
addressed in a broader historical context, and opposed to Helmholtz's
empirical notion of Tonempfindung. The dichotomy between mental and
theoretical representations, Vorstellungen and Darstellungen, is taken up
in the course of a general discussion of tone psychology and music
psychology.

Chapter 5 presents Riemann’s system of harmonic Schritte and
Wechsel. We first clarify pertinent aspects of Riemann’s Klangschliissel
(chord notation) and Funktionbezeichnung (function notation). Then we
explore some group-theoretic properties of Riemann’s Schritte and
Wechsel, and formalize the notion of an SW-system. A modified version
of the Table, possessing six transformational axes, is presented toward the

end of the chapter.

Notational Conventions

Two notational conventions will be encountered throughout this
study: 1) a letter notation, or Buchstabentonschrift, is used to represent
pitches on the Tabie; 2) intonation differences between pitches sharing the
same Buchstabe are shown with horizontal lines, or Striche. In general, a
line below a letter name represents a pitch one syntonic comma (about
21.5 cents) lower than its unlined counterpart. A line above a letter name
represents the opposite. Tuning discrepancies are compounded as one

moves further away from the Table’s central series, and additional Striche

xi
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are needed. Two lines below a letter name represent a pitch two commas
lower than its unlined counterpart, three lines three commas, and so on.
The combination of Buchstaben and Striche allows one to make precise
distinctions between pitches such as ‘e’ (“third” of C), ‘e’ (“fourth fifth” of
C), and ‘e’ (“four fifths below, two thirds above” C). We shall see that this
Buchstabe-S trich. notation developed erratically; the various modifications
it underwent will be addressed as the need arises (see Chap. 3, n. 62).

Buchstaben combined with Striche are adequate for expressing
intonation, but give only a general sense of the location of pitches on the
Table: ‘e’ is on the central series, ‘e’ is on the series one step “north” of
center, ‘e’ is on the series two steps “north” of center, and so on. In
general, the number of Striche gives the distance “north” or “south” of
center, but not the exact location within a series. To pinpoint location, we
shall sometimes specify the number of fifths and/or thirds between central
‘c’ (our point of reference) and the pitch in question. In particular, we
shall use Riemann’s symbols Q (Quint) and T (Terz) for upper fifths and
thirds, and their inverses -Q and -T for lower fifths and thirds: The pitch
‘e’ is therefore T of ‘c’, ‘e’ is 4Q of ‘c’, and ‘€’ is -4Q + 2T of ‘. We shall use
the same notation to describe the relative location of pitches: The distance
from ‘e’ to ‘e’ is -T + 4Q.

When referring to specific pitch in this study we shall use the system
adopted by the Acoustical Society of America: Cello C is C2, viola C is C3,
middle C is C4, and so on.

xii
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CHAPTER 1: LEONHARD EULER AND THE “MIRROR OF MUSsIC”

1.1 Introduction

The story of the Table of Relations begins with the eminent Swiss
mathematician Leonhard Euler (1707-83), one full century before its
appearance in Riemann'’s dissertation “Ueber das musikalische Horen”
(1873). Euler began his career at the St. Petersburg Imperial Academy as an
instructor in physics and mathematics, but was appointed director of the
“mathematische Klasse” at the Berlin Academy in 1741. He held this post
for twenty-five years before returning to St. Petersburg in 1766 where he
began work on “De harmoniae veris principiis per speculum musicum
repraesentatis,” the last of five music-theoretical treatises written over the
course of an amazingly prolific career.! The treatise was completed in
1773—by which time Euler was completely blind—and presented to the
Academy on the 22nd of March that same year. Near the end of this work,
Euler arranged the twelve tones of his diatonic-chromatic scale in a tabular
format so that perfect fifths lay in the horizontals and major thirds in the

verticals. He called this arrangement of tones speculum musicum, or the

I These works in chronological order are: “Musices theoreticae systema,” (unpublished
notebook, ca. 1726); Tentamen novae theoriae musicae ex certissimusharmoniae
principiis dilucide expositae (St. Petersburg: ex typographia Academiae scientiarum,
1739); “Conjecture sur la raison de quelques dissonances généralement recues dans la
musique,” Mémoires de l’academie des sciences de Berlin 20 (1764): 165-73; “Du véritable
caractéere de la musique moderne,” Mémoires de l’academie des sciences d e Berlin 20
(1764): 174-99; “De harmoniae veris principiis per speculum musicum repraesentatis,” Novi
commentarii academiae scieniarium Petropolitanae 18 (1773): 330-53. Contributions to
acoustics include: Dissertatio physica de sono (Basel: typis E. & J. R. Thurnisiorum, 1727);
De lapropagation du son (1759); Lettres a une princesse d’Allemagne sur divers sujets
de physique etde philosophie [1760-62] (St. Petersburg: Imprimerie de I’Académie
impériale des sciences, 1768-72); Eclaircissemens plus détaillés sur l a génération et la
propagation du son et sur la formation de l’écho (1765).
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”

“mirror of music.” Euler’s mirror is shown in Example 1-1, as it appears

in the modern Leonhardi Euleri Opera omnia.2

EXAMPLE 1-1: EULER’S “MIRROR OF MUSIC”
F—C—G—D
I
A—E—~—H-—Fs
.
Cs—Gs—Ds—B.

In this chapter we shall treat Euler’s music theory in broad terms, to the
extent that is needed for an understanding of the mirror of music. Euler
was not a major influence on Riemann and it is worth stating at the outset
that the mirror and Table of Relations differ in significant respects.
Because the mirror reflects a particular division of the octave—Euler’s
genus diatonicuin-chromaticum (more on this below)—each of its
elements appears just once along the horizontal and vertical axes;
Horizontal Striche are unnecessary, since no two pitches in this model
share the same letter name. A kind of network does arise from Euler’s
arrangement of the twelve tones, but one must distinguish this from
Riemann’s Table, which is open-ended (not confined to a single division
of the octave), and represents pitch, chord, and key relations. Martin
Vogel (1960) has exaggerated the line of continuity between these models
by presenting an embellished version of the mirror, which contziiss letter

name redundancies and corresponding Striche. There are points of

2 Leonhard Euler, “De harmoniae veris principiis per speculum musicum repraesentatis,” in
Leonhardi Euleri Opera omnia sub auspiciis Societatis scientiarum naturalium
Heiveticae, ed. A. Speiser, ser. 3, no. 11 (Ziirich: Orell Fiissli, 1960), 584. Further references
to Euler’s work cite the modern Opera omnia, and give original chapter and sectional
numbers where applicable.
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contact between Riemann and Euler (see 3.10), but Riemann’s predecessor
as far as the Table was concerned was Arthur von Oettingen. It is true that
the “arrangement of tones called speculum mitsicum by Euler was
discovered anew by Oettingen and gained acceptance in music acoustics
through Helmholtz,” but one must be wary of attributing music-
theoretical influence on this basis alone.3

Early in his career, Riemann consigned Euler to a tradition that had
tried to establish music theory on mathematical foundations. Euler was
one in a long line of Kanoniker extending back to Pythagoras, who had
engaged in the hapiess pursuit of relating tone to number. Abstract laws
of number had little to do with music in Riemann’s opinion, and the
Kanoniker's obsession with number had hindered the progress of music
theory by obscuring the importance of human perception. Riemann
traced his own lineage to Aristoxenus and used the word Harmoniker to
designate an opposing tradition, which eschewed the reliance upon
numbers and arcane formulae.# For Riemann, hearing was the ultimate
foundation of music theory—music was a manifestation of innate

psychological processes, and the evidence of perception was thus of vital

3 Martin Vogel, “Die Musikschriften Leonhard Eulers,” in Leonhardi Euleri Opera omnia,
ser. 3, no. 11: Ix. Vogel's misrepresentation of the mirror is doubly unfortunate since it
appears in the collected edition of Euler's work and in one of very few extended
commentaries on Euler's music theory. Euler used Striche to indicate octave relations, a
convention in acoustic treatises of the eighteenth and nineteenth centuries but one at
variance with their usage to indicate tuning discrepancies.

4 Hugo Riemann, “Ueber das musikalische Horen,” (Leipzig: F. Andra, 1874), 1-2. Riemann
writes that Pythagoreans “sought the essenice of musical consonance in the simplicity of
proportion, formed by the string lengths of two tones” [suchte das Wesen musikalischer
Censonanz in Einfachheit der Proportion, welche die verschiedenen Saitenlangen zweier
Tone bildeten], whereas Aristoxenians believed “Numbers had nothing to do with
consonance and dissonance and only the ear was judge” [Zahlen hatten mit Consonanz und
Dissonanz nichts zu thun und nur das Ohr sei Richter]. Both branches of theory were alive
and well in Riemann’s day: “It is still like this today; the two opposing views remain as
they were in the time of the Harmoniker (Aristoxenians) and Kanoniker (Pythagoreans).”
[So ist es noch heute; die beiden einander gegeniiberstehenden Ansichten sind heute
dieselben wie zur Zeit der Harmoniker (Aristoxener) und Kanoniker (Pythagoraer).]

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



importance to music theory. Riemann considered himself the most recent
in a line of distinguished Harmoniker, which included Rameay,
Hauptmann, Oettingen, and Helmholtz. His readiness to exalt the
evidence of the senses was typical of an age that sought to assimilate the
methods of natural science to the study of human psychology.5 Although
his predecessors were more cautious in their appraisal of “psychological
facts,” none at least considered number the bedrock of music theory. This
single fact was of supreme importance for Riemann; it divided the entire
history of music theory—Kanoniker on one hand, Harmoniker on the
other. From the beginning, Riemann and Euler were at opposite ends of
the music-theoretical spectrum.

Euler’s music theory is nevertheless an integral part of the Table’'s
history. The reputation of the mathematician lent a general authority to
his musical ideas, and his work in acoustics set an agenda for theorists and
scientists in the nineteenth century. Riemann would not have pressed
the distinction between consonance and dissonance so vigorously had
Euler’s theory—which admitted of degrees of consonance but gave no firm
definition of dissonance—gone unnoticed. Euler’'s work thus places
Riemann in context, and illuminates in particular his tangled relations
with Oettingen and Helmholtz, who were both more generous in their
assessment of Euler. Helimholtz believed that Euler’s theory of

consonance had “proved itself well,” since its results agreed in many cases

3 See Scott Burnham, “Method and Motivation in Hugo Riemann’s History of Harmonic
Theory,” Music Theory Spectrum 14/1 (1992): 2. Riemann rejected acoustics and
mathematics as foundations for music and turned increasingly to psychology. In doing so,
Burnham says, he appeared “to replace one set of a priori suppositions with another,
distinctly less verifiable, set. Yet this sort of transaction was quite simply the privilege of
his age. Just as naturalist authors, especially in Germany, sougkht to demonstrate that
human psychology was a determinable affair, subject to the indifferent control of natural
laws, so too did thinkers like Riemann place confidence in the hard validity and causal
consistency of so-called “psychological facts.”

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



with his own.® Had Riemann been less intractable, he might even have
seen a parallel between Euler's Substitutionslehre—the idea that simple
harmonic ratios can stand for complex ones--and his own conviction that
listeners prefer the simplest Tonvorstellungen, or mental representations
of sound (see 3.9 and 4.4). Both the Substitutionslehre and the doctrine of
Tonvorstellung involved a quasi-Kaiian distinction of the perceiving

mind from the things perceived.

1.2 Pitch Space: Distance and Derivation

The mirror of music is a pitch space ir the slimmest sense of the term.
It does not address chord or key relations, and treats pitch abstractly rather
than perceptually; Euler uses the mirror to show how pitches are derived
from the prime numbers 2, 3, and 5, but does not inquire into the
perceived distances among these pitches. Riemann also emphasizes
derivation—though of a different sort—in his use of the Table. As his
theory of harmonic functions evolved, chord derivation was greatly

elaborated until there was a direct means of transformation between any

two major or minor chords.” Stili, the Table was conceived within a

6 Hermann von Helmholtz, Die Lehre von den Tonempfindungen als physiologische
Grundlage fiir die Theorie der Musik, 6th ed. (Braunschweig: Fr. Vieweg und Sohn, 1913;
reprint, Hildesheim: Georg Olms, 1968), 377 n. 1. Helmholtz writes: “I shall use the
principle upon which Euler determined the degree of consonance of intervals and chords,
because its consequences prove themselves well if one disregards combination tones.” [Ich
will das Prinzip, nach welchem Euler die Stufenzahlen von Intervallen und Accorden
bestimmt, hierhersetzen, weil es in der Tat in seinen Konsequenzen, soweit nicht
Kombinationsténe in Betracht kommen, sich gut bewihrt.] -~

7 Lewin’s claim that Riemann did not appreciate the transformational character of his
theory is debatable in light of Riemann’s system of Schritteand Wechsel (see Chap. 5);
David Lewin, Generalized Musical Intervals and Transformations, (New Haven: Yale
Univ. Press, 1987), 177.
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harmonic framework where it is conventional to speak of perceived
distance as well as chord derivation.

Euler introduced symbols (+III and +V) to denote distances along the
two axes, but the mirror mainly reflected a set of numerical relations: Its
twelve tones constituted a scale, or genus, derived from a combination of
prime numbers 2, 3, and 5. Such combinations symbolize frequency ratios
in Euler’s theory, and can describe various divisions of the octave; the
series 2 : 3 : 4, for example, describes a three-note scale that divides the
octave at the fifth. By taking the least common multiple (LCM) of these
terms and factoring the result, one gets: 12 (LCM) = 22 - 31. Factored
expressions such as 22 - 3! identify specific musical genera, and are termed
exponensby Euler.8 Anexponens is a kind of numerical signature for a
genus, and different genera naturally will have different exponens. The
exponens of Euler's diatonic-chromatic genus is 20+ 33 - 52‘(71 ranges over
the positive integers, so as to bring all twelve pitches into the same
octave). We shall discuss this important genus at greater length below.

The prime numbers 2, 3, 5, and (eventually) 7 were the pillars upon
which Euler constructed a system of eighteen musical genera. Because the
mirror of music appeared in his final treatise, and with little explanation
there, it is necessary to backtrack and discuss some general features of the
theory that spawned this model. We shall discuss Euler’s theory of
consonance, his formation of musical genera, and his concept of
substitution—in roughly that order—with the main discussion of the
mirror occurring in the section on tonal genera. Euler’s ideas about

consonance and substitution were spurned by most eighteenth-century

8 The expression 22 - 3 or, more generally, 2"+ 3 is exponens for the second of eighteen genera
in Euler’s system.
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theorists, but fared relatively well in the “tone-psychological” climate of

the later nineteenth century.

1.3 Musical Consonance and Simple Ratios

Euler’s theory is founded on the assumption that consonant intervals
are pased on simple frequency ratios. The greater the consonance, the
simpler the ratio. Euler claimed that “the more easily we perceive order
in a thing, the simpler and more perfect we find it, and we are thus
pleased. If the order is recognized with difficulty, and appears less simply
and clearly, we register it with a certain grief.”? A simple relation
consisted of small whole-number ratios; the smaller the numbers, the
clearer and more pleasant the psychological effect. We need not look as far
back as Pythagoras tc find theorists using ratios to represent intervallic
consonance; several of Euler’s more recent predecessors had built
hierarchies of consonance on this principle too. According to Vogel, Euler
found the germ of this idea in Descartes’ statement that an interval “is
perceived more easily by the senses when the difference of the parts is
smaller. We may say that the parts of a whole object are less dissimilar
when there is greater proportion between them.”10 Euler’s more

immediate influences, however, were Galilei, Saveur, and Leibniz.

9 Leonhard Euler, Tentamen novae theoriae musicae, chap. 2, §13, in Leonhardi Euleri
Opera omnia, ed. E. Bernoulli, R. Bernoulli, F. Rudio, and A. Speiser, ser. 3, no. 1 (Leipzig
and Berlin: B. G. Teubner, 1926). [Quo facilius ordinem, qui in re proposita inest, percipimus,
eo simpliciorem ac perfectiorem eum existimamus ideoque gaudio et laetitia quadam
afficimur. Contra vero si ordo difficulter cognoscatur isque minus simplex minusque planus
videatur, cum quadam quasi tristitia eundem animadveriimus.] See also Charles S. Smith,
“Leonhard Euler's Tentamen novae theoriae musicae: A Translation and Commentary”
(Ph.D. diss., Indiana University, 1960), 71-72.

10 René Descartes, Compendium of Music, trans. Walter Robert with an introduction and
notes by Charles Kent, Musicological Studies and Documents, no. 8 (Rome: American
Institute of Musicology, 1961), 17.
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Leibniz’s notion that the mind calculates intervallic consonance by
counting the numerical terms of a proportion was of particular
importance to Euler. Complex proportions were less amenable to this
mental arithmetic, and Leibniz wrote in 1712 (to Christian Goldbach) that
people were capable of counting oniy to five in music.l? He believed that
the number 7 might eventually be added to the first three primes, and
Euler in his later work indeed counted 7 among the prime pillars of
music.

The interest of eighteenth-century scientists in issues of consonance
and dissonance was linked to fervent research into acoustics. Scientists
had earlier believed all overtones to be harmonious, but had beei: without
a means of calculating the fundamental and overtone frequencies of a
sound. Initial attempts to measure the speed of sound were made by
Mersenne in 1640, and by two Italian physicists—Giovanni Borelli and
Vincenzo Viviani—in 1656.12 Newton then undertook the problem in
the eighteenth century, but the speed he calculated was too low and was
not corrected until 1868. The study of acoustics nevertheless was able to
proceed upon a stable foundation, for acousticians discovered that even if
they could not measure pitch exactly they could determine the correct
frequency ratio between a fundamental and its overtones by drawing on
mechanical principles. Since frequency ratios determined intervals, the

study of consonance and dissonance could be codified to some extent.

11 Gottfried Wilthelm Leibniz, Epistolae ad diversos, ed. C. Kortholt, vol. 1 (Leipzig:
Bern. Christoph Brettkopf, 1734), 239. Leibniz writes: “In music we do not count beyond
five; we are thus as those in the field of arithmetic who have not yet advanced beyond
ternary forms, and in relation to whom the German phrase about the simple man is fitting:
He can not count higher than three.” {Nos in Musica non numeramus ultra quinque, similes
illis populis, qui etiam in Arithmetica non ultra ternarium progrediebantur, et in quibus
?hrasis Germanorum de homine simplice locum haberet: Er kan nicht iiber drey zéhlen.]

2 Harvey E. White and Donald H. White, Physics and Music: The Science o f Musical
Sound (Philadelphia: Saunders College, 1980), 39.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Euler’s early publication Dissertatio physica de sono (1727), completed
when he was just twenty years old, contributed to this codification and was
highly influential among acousticians. In this and later music-related
works, he expressed his findings with numerical ratios.

A quantitative measure of acoustical consonance was introduced in
Tentamen novne theoriae musicae (1739), the magnum opus of Euler’s
music theory. Here, Euler used frequency ratios to calculate the gradus
suavitatis or “degree of sweetness” of intervals and chords, and to
determine the exponens of various tonal genera. The result was a
systematic and thorough-going treatment of consonance and scale. Euler
began with a general discussion of the principles of sound and hearing—
in which he gave a surprisingly accurate formula for the frequency of a
vibrating string!3—and concluded with an elaborate theory of modulation
that gauged the relative consonance of progressions to different keys.
Euler’s goal was to establish music theory upon a secure and scientifically
exact foundation. He believed that number provided such a foundation,
since harmony, melody, and rhythm were all expressible as numerical

proportions.

355 {3166n .
13 Euler, Teirtamen, chap. 1, §9. In Euler’s formula l_l; ,a is the vibrating length of
a

string, n is the ratio of suspended weight to the weight of the string—i.e. the string
tension—3166 is the length of a seconds pendulum, and 3557113 is the traditionai
approximation of . String and pendulum lengths are in thousandths of a Rhenish foot (one
Rhenish foot equals 12.356 inches). Euler had introduced the symbol t for the ratio of a
circle’s circumference to its diameter in 1737 but did not use it in Tentamen. According to
Ellis, the results of Euler’s formula “on account of the necessary thickness of the string...
could not be trusted within 5 vib.” See Hermann von Helmholtz, On the Sensations of Tone
as a Physiological Basis for the Theory of Music, trans. A. ]. Ellis (New York: Dover,
1954), 441.
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1.4 Degree of Intervallic Consonance

Euler assumed that intervals could be ranked on a continuous scale of
consonance, since consonance increased or decreased with the progressive
differentiation of frequency ratios. He supposed that expanding or
contracting an interval by an octave would change the level of consonance
by one degree—with expansion resulting in a less consonant interval, and
contraction in a more consonant interval—and used whole numbers to
indicate the degree of consonance. The smaller the numbers, the more
perfect the consonance: The intervals 1:1,1:2, and 1 : 4 belonged
respectively to the first, second, and third degrees of consonance, and any
ratio of the form 1 : 2nbelonged to the degree (n + 1).14 Euler’s calculations

for octave and octave compounds are summarized in Example 1-2.

EXAMPLE 1-2: GRADUS SUAVITATIS OF OCTAVES!S

Interval Degree of Consonance
1:1 (unison) 1

1:2 (octave) 2

1 : 4 (double octave) 3

1 : 8 (triple octave) 4

1:16 (quadruple octave) 5

1:2n (n+1)

14 Eyler, Tentamen, chap. 2, §23.
15 vogel, xlvii.
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Euler next determined the degree of consonance for prime numbers.
Prime numbers received a consonance rating equal to themselves, so that
1:3 had arating of 3, 1:5 arating of 5, and 1 : p, where p is prime, a rating
of p. For octave contractions of prime ratios—1 : 3 to 2 : 3, for example—
Euler took the value of p and added one rating point for each contraction.
Since 1 : 3 belonged to the third degree of consonance, 2 : 3 belonged to the
fourth degree, and 2": p belonged to the (p + n) degree.16 This method
differs from the one used for octaves, where compound intervals received
a higher gradus suavitatis (GS) rating than contracted ones. Euler’s results
corresponded to general intuitions of intervallic consonance, however,
and these results—not the manner of achieving them—recommended his
work to Helmholtz and various tone psychologists of the nineteenth and
early twentieth century.l? Examples 1-3a and 1-3b summarize Euler’'s GS-

ratings for prime intervals.

EXAMPLE 1-3A: GRADUS SUAVITATIS OF PRIMES!8

Prime Interval Degree of Consonance
1:3 (12th) 3
1:5 (17th) 5
1:7 (21st) 7
Lip p

16 Eujer, Tentamen, chap. 2, §25.

17 For example, Felix Kriiger, “Die Theorie der Konsonanz,” Psychologische Studien 4
(1909): 250; and Felix Auerbach, Die Grundlagen der Musik (Leipzig, 1911), 184.

18 Vogel, xlvii; Helmholtz, 377.
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EXAMPLE 1-3B: GRADUS SUAVITATIS OF PRIMES
(COMPOUND AND CONTRACTED)

I'rime_Interval Deggree of Consonance
1:5 (17th) 5

2:5(10th) 6

4:5(3rd) 7

2M:p p+n

Euler was ultimately able to specify the consonance of any interval 1: P,
where P is a positive integer, by factoring P and using the prime form to
determine its GS-rating. Musically speaking, it was unnecessary to
consider all but a handful of ratios. The degree of consonance for
extremely large intervals, 1 : 360 for example, had no bearing on musical
practice and was purely a matter of speculation. Euler nevertheless
compiled a table of all intervals belonging to the first ten degrees of
consonance.!® This table of consonantiarum bisonarum (bisonant or
intervallic consonances) is reproduced in Example 1-4. Notice that Gr. I, or
the first degree of intervallic consonance, is omitted from the table. Euler
explained that since the two sounds of a consonance must be different, the
unison 1 : 1 is not technically a consonance, and the simplest consonance

(1 : 2) must therefore belong to the second degree.

19 Euler, Tentamen, chap. 4, §11.
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EXAMPLE 1-4: TABLE OF CONSONANTIARUM BISONARUM

' 11. Hoc modo sequentem confeci tabulam consonantiarum bisonarum, in
qua eae sunt secundum suavitatis gradus supra expositos dispositae, ad deci-
mum usque gradum:

Gr. 1I:

- 1:2 .

Gr. II: 1:3,1:4

Gr.IV: 1:6, 2:3, 1:8.

Gr.V:  1:5 1:9,1:12 3:4, 1:16.

Gr.VI: 1:10,2:5,1:18,2:9,1:24, 3:8, 1:32.

Gr.VII:II:711530,1204512713649148316164.

Gr.VIII:l:142'Z1302153105614058154227172
8:9, 1:96, 3:32, 1:128.

Gr.IX: 1:21, 3:7, 1:25, 1:28, 4:7, 1:45, 5:9, 1:60, 3:20, 4:15, 5:12,
1:80, 5:16, 1:81, 1:108, 4:27, 1:144, 9:16, 1:192, 3:64, 1:256.

Gr.X: 1:42, 3:14, 6:7, 1:50, 2:25, 1:56, 7:8, 1:90, 2:45, 5:18, 9:10,
1:120, 3:40, 5:24, 8:15, 1:160, 5:32, 1:162, 2:81, 1:216, 8:27,
1:288, 9:32, 1:384, 3:128, 1:512.

The fact that Euler bothered with such intervals as 1:384 or 1 : 512
(both degree 10) suggests that practical applications were of no special
importance to him. At least as important were the extensions of his
theory to complex harmonic phenomena of little or no musical use. To
determine the degree of consonance for extremely large (1 : 360) or
complex (80 : 81) ratios, Euler found the LCM of the terms and expressed
this in prime form as we did for the series 2 : 3 : 4. Using the LCM's prime
form, Euler then calculated a GS-rating by subtracting the number of terms
from the sum of terms, and adding 1. He expressed this formula for

determining the GS-rating of a given exponensass —n + 1, where s is the
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sum of prime factors, and # is the number of prime factors.20 For
convenience’s sake, he also provided an LCM table for the first sixteen
degrees of consonance. If one did not want to go to the trouble of factoring
360, in the interval 1 : 360, one could simply scan the table until 360 was
found among LCMs beicnging to the twelfth degree of consonance. We
reproduce Euler's LCM table in Example 1-5.21

EXAMPLE 1-5: EULER'S LCMTABLE

L1;
1L 2;
oL 3, 4;
IV. 6, 8;
V. 5, 9, 12, 16;
VL 10, 18, 24, 32;
VIL 7, 15, 20, 27, 36, 48, 64;
VIL 14, 30, 40, 54, 73, 96, 128; |
IX. 21, 25, 28, 45, 60, 80, 81, 108, 144, 192, 256;
X 42, 50, 56, %0, 120, 160, 162, 216, 288, 384, 512;
XL 11, 35, 63, 75, 84,. 100, 112, 135, 180, 240, 243, 320, 324, 432, 576, 768, 1024;
mzz,m,ms,woms,zoo,mmo 860, 480, 486, 640, 648, 864, 1162,
1536, 2048;
XIL 13, 33, 44, 49, 105, 125, 140, 189, 226, 252, 800, 336, 400, 406,.448, 540,
: 720, 729, 960, 972, 1280, 1296, 1728, 2304, 3072, 4096; .
XIV. 26, 66. 88, 98, 210, 250, 280, 378, 457, 504, 600, 672, 800, 810, 896, 1080,
© 1440, 1458, 1920, 1944, 2560, 2592, 3456, 4608, 6144, 8192;
XV. 39, 52, 55, 99, 182, 147, 175, 176, 196, 315, 375, 420, 500, 560, 567, 675,

166, 900, 1008, 1200, 1215, 1344, 1600, 1620, 1792, 2160, 2187, 2880, 2916,
3840, 3888 5120, 5184, 6912, 9216, 12288, 16384

18, 104,110 198, 264, 294, 350, 352, 392, 630, 750, 840, 1000, 1120, 1134,
1350, 1512, 1800, 2016, 2400, 2430, 2688, 3200, 3240, 3584, 4320, 4374,
5760, 5832, 7680, T776, 10240, 10368, 13824, 18432, 24576, 32768.

E

20 Euler, Tentamen, chap. 4, §6.
21 Euler, Tentamen, chap. 2, §31.
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By writing 360 as 23 - 32 - 51 and applying the formula s — n + 1, one
obtains a GS-rating of 12. This is not as easy a process as consulting the
LCM table, but it does not take too long to master. One will occasionally
encounter LCMs that are unlisted in Euler’s table, and will have to apply
the formula in such cases. We apply Euler’s formula to the ratio 80 : 81—

that of the syntonic comma—in Example 1-6.

EXAMPLE 1-6: GRADUS SUAVITATIS OF THE SYNTONIC COMMA

1. Find the LCM of the ratio:
a) write each term as p1a1 . pza2 *...pna", where py, py, ... py are prime
factors and al, a2, ...a" are whole number exponents:
80=2%.51,81 =34
b) LCM is the product of the factorization of each term:
24-34%.51 = 6400

2. Calculate degree of consonance (GS) for LCM:
a) GS(LCM) =s-n+1
=(p1al +pa2+...ppaM - (al +a2+...a"- 1)
b) G5(6400) =(2)4)+ 3D +G)1)-4+4+1-1)
=8+12+5-8
=17

Notice that if two numbers p and g are given, the GS of their product is the
same as the sum of their GSs minus one. For example, where p =3 and

g=>5,GS(3-5)=GS(3) + GS(5) — 1. The GS-rating in both cases is 7.22

22 Euler, Tentamen, chap. 2, §25-26. Euler writes: “If the ratio 1: Pbelongs to degree p, and
the ratio 1 : Q to degree g, the ratio 1 : PQ will belong to the degree p + 4 —1.” [Si ratio 1 : P
ad gradump pertineat et ratio 1 : Q ad gradum g, pertinebit ob allatas rationes ratio 1 : PQ
ad gradump +4 - 1.] See Hermann R. Busch, Leonhard Eulers Beitrag zur Musiktheorie
(Regensburg: Gustav Bosse Verlag, 1970), 34.
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1.5 Degree of Chordal Consonance

Euler determined the gradus suavitatis of triads and larger chords by
using the same two steps as in Example 1-6: He first found the exponens
of the chord, and then calculated the degree of consonance with the
formula s —n + 1. Example 1-7 illustrates this process for the ratios

representing the major triad and major-minor seventh chord.

EXAMPLE 1-7: GRADUS SUAVITATIS OF MAIOR AND MAJOR-MINOR SEVENTH CHORDS

1. Find the LCM of the ratios:

a) major chord = 4:5:6
LCM = 60(22-31-51)
b) major-minor 7th = 4:5:6:7
LCM = 420(22-31-51.71)

2. Calculate degree of consonance (GS) for LCM:

a) GS(60) =s-n+1
=(p1al+praZ+...paM - (a! +a2 +...a"- 1)
=)+ D+ G -2+1+1-1)
=4+3+5-3
=9

a) G5(420) =s-n+1
= (p1al +praZ+...ppaM - (a! +a +...a"-1)
=)+ D+ G+ @D -2+1+1+1-1)
=4+3+5+7-4
=15

Since Euler based all of his calculations on positive integers, he simply

reversed the terms of the major triad (4 : 5 : 6) to represent the minor triad
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(6 :5:4), and the GS-rating remained the same for both harmonies.23 In
the case of the major-minor seventh chord, we shall see that 4:5: 6 : 7 was

actually a simplified substitute for a more complex ratio.

1.6 New Solutions, New Problems

The theoretical practice of relating consonance to number took various
forms throughout history. The Pythagoreans had originally devised a
method in which the number 1 was subtracted from both terms of a ratio,
and the sum of the two remainders was taken for the degree of
consonance.24 Through this method, the octave 1 : 2 received a
consonance rating of 1, since (1 -1) : (2-1) =0 + 1 = 1, whereas it received
a rating of 2 in Euler’s system. In both systems, the twelfth 1 : 3 was more
consonant than the fifth 2 : 3, but for Pythagoreans the GS-ratings were 2
and 3 whereas for Euler they were 3 and 4. The chief difference between
the two methods lay in Euler’s use of prime forms to calculate intervallic
and chordal consonance. This innovation quickly pointed up the
limitations the earlier approach. For example, the eleventh 3 : 8 received a

GS-rating of 9 (2 + 7) in the Pythagorean system and a rating of 6 in Euler’s

23 The Swiss scientist Jean-Adam Serre extended Euler’s system by using the reciprocal
terms of the harmonic series: Jean-Adam Serre, Essais sur les principes d e [’harmonie
(Paris, 1753; reprint, New York: Broude, 1967), 135. Serre writes: “M. Euler in his
calculation of the numerical relation between musical sounds has neglected their inverses,
that is, those terms forming the harmonic or fractional series, 1/2.1/3.1/4.1/5.1/7., & c.”
[M. Euler dans son Calcul des Rapports numériques qui ont lieu entre les Sons musicaux... a
négligé leurs Inverses, c’esi-a-dire, ceux qui forment la Progression harmonique ou
fractionnaire, 1/7.1/3.1/4.1/5.1/7., & c.] Serre uses a Table-like array at the end of this
work to show the symmetrical relation between the dominant seventh (doninante
prédomine) and supertonic seventh (sondominant prédomine).

24 See Andrew Barker, ed., Greek Musical Writings: 11. Harmony and Acoustic Theory
(Cambridge: Cambridge Univ. Press, 1989), 34-35.
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system. Euler’s rating conformed better with contemporary practice, and
to the physical consonance of the interval.2>

The role of prime numbers in Euler’s theory is analogous to the role
played by tonic, dominant, and subdominant in Rameau’s theory. Euler
found that the music theory of his contemporaries favored intervals that
could be expressed through the prime numbers 2 (octave), 3 (fifth), and 5
(third). He excluded primes larger than 7 because of their high GS-ratings;
intervals such as 1:11 (GS=11) or 1: 13 (GS = 13) went beyond the pale of
an already extensive catalogue of intervallic consonance (see Example 1-3).
The number 7 played a changeable role in Euler’s theory, but was initially
less important than the smaller primes. Euler shared the indecision of his
contemporaries on the status of the minor seventh. At first he believed
(with Leibniz) that the mind counted no further than 5 in music, and
included4no genera with 7 in their exponens. This, however, did not
exclude intervals such as 1: 7 or 4 : 7 from consideration. On the contrary,
4 : 7 (perfect fourth) received a consonance rating of 9, whereas 4 : 5 (major
third) received an only slightly lower rating of 7. Vogel, who has written
extensively on the music-theoretical status of the number 7, emphasizes
Euler’s ultimate inclusion of the number 7 and regards his own theory as
stemming from Euler’s in this respect. There can be no question of Euler’s
acceptance of the seventh in later work. In “Conjecture sur la raison de
quelques dissonances généralement recues dans la musique” (1764), he

points to a “nouveau genre de musique” for which the numbers 2, 3, and 5

25 The Pythagorean and Eulerian rankings diverge sharply in the case of superparticular
ratios. In the Pythagorean system, GS-ratings rise continuously as the terms of the ratios
increase: For example, the ratings for7:8,8:9,9:10,10:11,11:12, and 12: 13 are 13, 15,
17, 19, 21, and 23, respectively. The ratings for the same ratios in Euler’s system are 10, 8,
10, 16, 15, and 17. Euler claims that the Pythagorean “criteria for separating consonance
from dissonance were not based on the nature of the matter, but deduced from questionable
principles.” Euler, Tentamen, chap. 4, §16; see also Busch, 41.
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are no longer sufficient,26 and in “Du véritable caractere de la musique
moderne” (1764) he proposes a 24-note division of the octave where
twelve Tons étrangers are obtained by multiplying the original twelve
Tons principaux by seven.2? Vogel nevertheless exaggerates the role of
the minor seventh in Euler’s theory. It played no role in the system of
tonal genera, and therefore had no pertinence to the mirror of music (it
was also alien to the Tables of Oettingen and Riemann). Vogel stands
practically alone among Kanoniker in assigning equal weight to the prime
numbers 2, 3, 5, and 7.28

Because Euler measured acoustical consonance on a continuous scale,
he made no strict distinction between consonance and dissonance.
Instead, in “Du véritable caractere,” he maintained that sounds were more
or less simple according to his system of numerical rating. This
gradational notion of consonance was later refined by Helmholtz, and was
popular among nineteenth-century scientists even if they could not
always agree with Euler’s results. Many of Euler’s calculations from the
least common multiple indeed resulted in questionable or outrightly
absurd GS-ratings. This was especially evident when the principle was
applied mechanically to octaves: GS(1) =1, G5{(2) =2, GS(3) =3, and so
forth. It was a sign of the theory’s weakness that an interval aslarge as 1: 4
(triple octave) should have the same rating as the perfect fifth 2 : 3 (GS = 4).

26 Leonhard Euler, “Conjecture sur la raison de quelques dissonances généralement reques
dans la musique,” in Leonhardi Euleri Opera omnia, ser. 3, no. 1:515, §16.

27 Leonhard Euler, “Du véritable caractere de la musique moderen,” in Leonhardi Euleri
Opera omnia, ser. 3, no. 1:539, §44.

28 The Dutch composer Adriaan D. Fokker has explored genera that include 7 in their
exponens. See Adrian D. Fokker and Jan von Dijk, “Expériences musicales avec les genres
musicaux de Leonhard Euler contenant la septieme harmonique,” in internationale
Gesellschaft fiir Musikwissenschaft, Kongressbericht (Basel: Barenreiter,1949),113-15.
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There were similar problems in finding 4:5,1:7, and 1: 15 all equally
consonant (GS =7).

The problems were thorniest with chordal sonorities. Because the
series 8 : 10 : 12 : 15 (major-seventh chord) and 4 : 5: 6 : 8 (major triad with
doubled root) shared the same LCM (120), the GS-rating for both sonorities
was 10 (versus 9 for a simple major triad). If the frequency of one of these
tones deviated only slightly—say 401 : 500 instead of 4 : 5 in the major
triad—the GS-rating would rise spectacularly. Vogel admits that Euler’s
determination of chordal consonance is of limited use, and cites three
examples that point up these limitations. In his first example, Vogel
shows that the GS-rating of the augmented triad 16 : 20 : 25 is determined
by the outer interval (16 : 25) alone, since its prime form (24 - 52) contains
that of the middle term (22 - 51). Both the framing interval and the
complete triad therefore belong to the faraway thirteenth degree, even
though the interval usually sounds less dissonant than the chord. Vogel
next cites the major seventh 8 : 15 as a framing interval, and finds that GS
= 10 regardless of whether one adds a third, a fifth, or both to this interval.
Indeed, the degree of consonance is not changed by adding the lower
octaves 1 : 2 : 4 : 6. Vogel's last example, involving a major-minor seventh
chord, is his most compelling. In this example, he shows how the seventh
chord 36 : 45: 54 : 64 and diatonic scale 36 : 40 : 45 : 48 : 54 : 60 : 64 receive
the same GS-rating. The LCM of 36 : 45 : 54 : 64 is 8640, or 26 - 33 - 51; since
this also contains the factors of 40 : 48 : 60, GS = 17 for both collections.29

Euler was aware of such anomalies and tried to smooth them out in
later treatises. In “Conjecture,” for example, he said that a disparity always

exists between the actual consonance of sounds and the way the sounds

29 Vogel, li-lii.
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are represented psychologically. This dualism between objective and
subjective—or psychological-—modes of reality was the basis of an
interesting theory of perception based on substituting one mode for the
other. We shall say more about substitution at the end of this chapter.
This, however, was just one explanation that Euler used to bolster his
consonance theory. As early as Tentamen, he introduced the notions of
“incomplete” and “complete” consonance to account for chords whose GS-
ratings were unaffected through the addition of new tones.30 The
sonorities 1:2:3and 1:2:3: 6 both had an LCM of 6 and a GS-rating of 4,
but the first was incomplete because it omitted one of the terms included
in the exponens 2131, namely 6. Euler’s catalogue of chordal sonorities
extended through the first twelve degrees of consonance—he went beyond
the tenth degree because chords tended to be less consonant than
intervals—but the concepts of incomplete and complete consonance

allowed him to reduce many chords with the same GS-rating to a few basic

types.

1.7 Reception of Euler’'s Theory of Consonance

Euler’s conception of harmony was atomistic rather than holistic; that
is, he considered chords and intervals as nothing more than the sum of
their parts. Vogel notes that chordal inversion and doubling played no
role in Euler’'s determination of consonance, which was a flaw, in his
opinion, since a theory of consonance must begin with the fact that chords
are perceived qualitatively as wheles and not quantitatively as frequency

ratios. Like the Gestalt psychologists before him, Vogel believes that

30 Buler, Tentamen, chap. 4, §21.
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qualitative experience cannot be expressed quantitatively and that Euler’s
attempt at a graduated scale of consonance is therefore misguided.

Still, Vogel believes that Euler’s results have musical worth. He
attaches particular importance to the notion of octave gradation, which, in
spite of some misgivings, he believes has practical value for
composition.31 He believes also that the prime numbers 2, 3, 5, and 7
provide a sounder foundation for tonal theory than the overtone series.
From Rameau onward, music theorists have singled out the first five
partials of this series as a natural foundation for music. Vogel believes
that such reasoning is based on two assumptions that simplify the music-
acoustical facts: 1) the assumption that one hears only the first five partials
along with the fundamental; 2) the assumption of octave equivalence.32
Euler’s system distinguishes between octaves and provides a rationale for
the natural seventh—two features that are central to Vogel's own work.
It is worth noting that Rameau’s “naturalist” foundation came under fire
in its own day, when the eighteenth-century physicist Daniel Bernoulli
established that the overtones of most natural bodies were actually
dissonant. Those selected for music-making were unusual and chosen
precisely because their overtones were pleasing to the ear. Bernoulli’s
work did not affect Euler’s equating of simplicity with consonance.
However, it did undermine the idea that simple ratios were consonant
because simplicity itself was favored by nature.

Contemporaries had mixed, though mostly negative reactions to

Euler’s music theory. johann Mattheson—never one to hold back—railed

31 Vogel writes (liii): “Euler’s interval table can serve as an excellent guide to the most
consonant spacing of the two tones of an interval.” [Eulers Zweikiangtabelle kann als
vorziigliche Anleitung gelien, bei welchem Oktavabstand die beiden Tone eines Intervalls
ihre hochste Konsonanz erreicht haben.}

32 Vogel, liv.
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against Tentamen and all “versunken Algebraisten [lost algebraists],
Verhaltnisfechter [champions for the cause of ratios], schulfiachsische
Proportionsleiter [proportion-pedants] und Rations-Héndler [ratio-
merchants}”33 Lorenz Mizler had more in common with Euler, but
objected to the use of prime numbers higher than 5. In his view, Euler’s
Stufentabelle “belongs in another world, since everything is put together
according to different relations than in our world.”3¢ Even Nicolaus Fuf3,
Euler’s protégé and earliest biographer, was reserved in his estimation of
Tentamen, saying that it “had made no special impression, perhaps
because it contained too much mathematics for musicians and too much

music for mathematicians.”35 Rameau of course objected to Euler’s

33 Johann Mattheson, “Die neue Zahl-Theorie,” Plus ultra, ein Stiickwerk von neuer und
mancherley Art, 4 vols. (Hamburg: Johann Adolph Martini, 1754-56).

34 Lorenz Mizler was editor of Neue eriffnete musikalische Bibliothek, the monthly
periodical of the Korrespondierenden Sozietit der Musikalischen Wissenschaften (whose
members included J. S. Bach and Telemann). This facinating periodical, issued between
1736 and 1754, treated musical issues from an eclectic range of mathematical and scientific
perspectives. Mizler's annotated Latin-German translation of chaps. 1-4 of Tentamen
appeared in vols. 3/1-3 (1746-47): 61-136, 30546, 539-58; and 4/1 (1754): 69-103.
Concerning Euler’s use of prime numbers, Mizler wrote (vol. 3/2: 328): “For in all of our
music, there are just three intervals arising directly from prime numbers: 1:2,1:3, the
compound fifth, and 1: 5, the compound third; the ratio 1 : 15, which is the compound
seventh, arises when one multiplies 3 and 5. Now, if I may say so, Herr Euler wants too
much to prove for the advancement of musical science that there are more prime ratios in
our music than those we have stated. If he will only show this to be so, I will consider him
for the Apollo in music, but meanwhile I can only believe that his Stufentabellebelongsin
another world, since everything is put together according to different relations than in our
world.” [Denn in unserer ganzen Musik haben wir nicht mehr als drey Intervalle, die aus
Primzahlen bestehen, namlich 1: 2, 1: 3, die erste zussamengesetzte Quinte, und 1: 5, die
zweyte zussamengesetzte grosse Terz, und die Verhaltnifs 1: 15, so entsteht, wenn man 3 und
5 mit einander multiplicirt, und die dritte zusammengesetzte grosse Septime ist. Nun bitte
Herrn Eulern gar sehr, er méchte doch zur Beférderung der musikalischen Wissenschaften
darthun, dafl noch mehr Verhiltnisse in unserer Musik von Primzahlen sind, auSer den
angegeben; Wo er nur die Moglichkeit erweisen wird, so will ich ihn fiir den Apollo in der
Musik halten, derweilen aber kann ich nicht anders glauben, als daf8 seine Stufentabelle in
eine andere Welt gehori, da alles ganz nach andern Verhiltnissen zusammengesetzt ist, als
in unserer Welt.]

35 Nicolaus Fug, “Lobrede auf Herrn Euler...an 23 Oktober vorgelesen,” in Leonhardi
Euleri Opera omnia, ser. 1, no. 1 (Leipzig and Berlin: B. G. Teubner, 1911), lix. [...hat
indessen kein sonderlich Aufsehn gemachi: vielleicht nur deswegen, weil es zuviel
Mathematik fiir den Tonkunstler, und zuviel Musik fiir den Mathematiker enthilt.]
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acceptance of the seventh partial, as well as to the idea of octave gradation,
but from their correspondence it is clear that each respected the other’s
viewpoint.36 The Berlin composer-theorist Kirnberger was alone among
eighteenth-century musicians in endorsing Euler’s ideas, and accepting the
natural seventh as a consonance. Kirnberger even introduced a special
symbol i to denote the natural seventh.37

Riemann and Stumpf were among the nineteenth-century critics of
Euler’s theory of consonance. Riemann spoke of its “most baroque
consequences,”38 saying that Tentamen was “a warning for all times”3°
and “evidence that mathematics does not suffice for the foundation of a
musical system.”40 Stumpf wrote that “nowhere does it show itself better
than in the musical writings of the great mathematician, into what
shoreless sea this manner of contemp!ation leads.”4! Finally, the German
aesthetics histerian Rudolf Schifke mentions Euler dispassionately as a

latecomer or “straggler of a past epoche.”42 His mathematical approach

36 Two letters, both written in 1752, survive what Jacobi calls a “doubtless prolific
correspondence” between Rameau and Euler. See Erwin R. Jacobi ed., The Complete
Theoretical Writings of Jean-Philippe Rameau, vol. 5 (Publications of the American
Institute of Musicology: Miscellanea, 1969), xxxii-xxxiii; 146—48.

37 The symbol i is more universaily known as Euler’s notation for the imaginary unit Y1in
algebra. Euler introduced this notation in “De insigni usu calculi imaginariorum in calculo
integrali,” Nova Acta Academiae Petropolitanae (1777): 3. Kirnberger used the symbol at
least a decade earlier in his Clavieriibungen (Berlin, 1761-63), and again in Die Kunst des
reinen Satzes in der Musik (Berlin and Konigsberg, 1776~79; reprint, Hiidesheim: Georg
Olms, 1968), 4. It is unciear whether Euler knew of Kirnberger’s use of i; both were in Berlin
until 1766, and Euler’s music treatises from the 1760s focused on the issue of the natura!l
seventh.

38 Hugo Riemann, Musikalische Syntaxis: Grundriff einer harmonischen
Satzbildungslehre (Leipzig: Breitkopf und Hartel, 1877), 10.

39 Hugo Riemann, Grundrify der Musikwissenschaft, rev. ed. (Leipzig: Breitkopf und
Hartel, 1918), 60.

40 Hugo Riemann, Musiklexicon, 11th ed., s.v. “Euler.”

41 Carl Stumpf, “Konsonanz und Dissonanz,” in Beitrdge zur Akustik und
Musikwissenschaft, vol. 1 (Leipzig: ]. A. Barth, 1898), 22.

42 Rudolf Schifke, Geschichie der Musikdsthetik in Umrissen (Berlin and Schoneberg;
Max Hesse, 1934), 290.
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was at odds with a burgeoning music psychology that rested on a better
understanding of acoustics and a new emphasis on auditory physiology.

Euler was not without his supporters. Most, as Helmholtz and
Oettingen, were scientists by profession, and several were involved with
the early tone-psychological experiments. Although Stumpf had strong
reservations about Euler’s work, many of Euler’s results agreed with his
now famous Tonsverschmelzung investigations. Experimental work by
Meinong and Witasek also seemed to confirm Euler’s findings concerning
octave gradation and the natural seventh.43 Auerbach claimed that the
particulars of Euler's system accorded with contemporary psychoacoustical
research. Other natural scientists who stood by part or all of Euler’s theory
were Preyer, Meyer, Lipps, and Farnsworth.44¢ The experimental results of
these tone psychologists confirmed that natural sevenths were indeed
“fuseable,” and thus consonant as Euler had claimed.

Riemann’s resistance to Euler had several facets. As a self-proclaimed
Harmoniker, he traced his eighteenth-century roots to Rameau and
believed in a natural rather than mathematical foundation of music.
Rameau’s theory had overshadowed Euler’s in the eighteenth century,
and its prestige among musicians grew in the nineteenth century.
Riemann opposed a theory as out-of-tune with contemporary thought as
Euler’s, but did not limit his opposition to Euler. The tone psychologists

also suffered under Rameau’s mantle; but whereas Riemann at least knew

43 A. Meinong and St. Witasek, “Zur experimentellen Bestimmung der
Tonverschmelzungsgrade,” Zeitschrifi fiir Psychologie und Physiologie der Sinnesorgane
15 (1897): 1%6.

44W. T, Preyer, [Iber die Grenzen der Tonwahrnehmung (Jena: H. Dufft, 1876); Max
Meyer, “Zur Theorie der Differenziéne und der Gehérsempfindungen iiberhaupt,” Beitrige
zur Akustik und Musikwissenschaft, vol. 2 (Leipzig: J. A. Barth, 1898), 66-83; Theodor
Lipps, Psychologische Studien (Leipzig, 1905); Paul R. Farnsworth, The Social
Psychology o f Music (Ames, Jowa: Iowa State Univ. Press, 1969).
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the work of Stumpf, and was briefly optimistic about tone psychology, he
seems to have been less familiar with or interested in Euler’s work.
Euler’s name occurs once in connection with the Table (see 3.12), and
scattered references—mostly disparaging—are found among the early
writings, but there is nothing in Riemann that suggests a serious
engagement with Euler’s music theory. Perhaps he objected so strongly to
the principles of this theory that he could not be bothered with its details.
In any case, the generosity of épirit one finds in Helmholtz's appraisal of

Euler is absent in Riemann.

1.8 Formation of Tonal Genera

Euler's theory of scale formation relies on prime numbers in much
the same way that his theory of consonance relied on prime forms of LCM.
The theory of scale formation is alse intimately related to the mirror of
music. Indeed, Euler’s scales or tonal genera reveal a unified theory of
consonance, scale, and tonal relation.

Euler understood by the concept of musical genus a collection of
pitches generated by a combination of prime factors and exponenis—what
we have been calling an exponens. This usage of exponens should not be
confused with the mathematical term “exponent,” since Euler’s exponens
indicate prime numbers as well as their powers. We briefly consider the
exponens of three musically-related genera. The first is 2n- 33 51, which
contains the pitch numbers: 39,31, 32,33,30-51,31-51,32.5}, and 33- 51
Notice that Euler disregards powers of two since these only result in

octave displacements. By translating the prime forms of 2n- 33- 5linto
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frequency ratios within the octave 128 : 256, Euler obtains the series:
128:135:144:160:180:192: 216 : 240 : 256. If F =128 in this series, the
resulting scale is F-F#~G-A-B-C-D-E-F. Euler calis this 8-tone scale with
the exponens2n- 33 5lgenus diatonicum. He calls the 9-tone scale with
the exponens2- 32 52 genus chromaticum, and the 8-tone scale with the
exponens?2n-31.53¢genus enharmonicum. The three collections
constitute genera 12, 13, and 14 of his system.

Hermann Busch, who has written the only extended study of Euler’s
music theory, models the eighteen genera of this theory by means of
gridlike Hassediagramme. Like the Table of Relations, Busch’s diagrams
are open-ended and represent pure intervallic relations. The number 1 in
Busch’s model denotes a hypothetical reference tone (Ausgangston).
Number 2 and its powers are omitted, since 2" indicates octave relations.
Busch’s model, shown in Example 1-8, enables quick visual comparison of

individual genera belonging to Euler’s 2n- 32 - 5P sysiem of genera.
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EXAMPLE 1-8: 2M- 32 - 5b SYSTEM OF GENERA#%5

ANAVAVAVA
\/\/\/
\NVAVA
\/

By means of this gridwork, one can easily locate pitches and their
derivations for genera 12, 13, and 14. For example, if 1 = F, the remaining
pitches of each genus correspond to specific products of 3 and 5 and their
respective powers, in accordance with the exponens for that genus. For
genus diatonicum (2n- 33 - 51) therefore, 31 =C,51=A,32=G, 31 - 51 =F,
and so on. This genus would occupy the portion of Example 1-8 consisting
of all eight elements contained in (2) - 33- 51. Genera 13 and 14 would
occupy portions consistent with their exponens. Example 1-9 converts the
prime numbers of Busch’s model into letter names (1 = F), and shows the

relation of the three genera to each other.

45 Busch, 81.
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EXAMPLE 1-9: RELATION OF GENERA 12, 13, AND 1446

Dis c
/ 7N
H Gis r
/ N/ SN S
¢ B’ cCis E Cis
\ /\./ S N\,
¢ u c\ A
F
2m. 32, 52 22 3.52
Gen,chrom Gen‘_. anh,

In chapter 9 of Tentamen, Euler treats the 12-tone genus diatonicum-
chromaticum. The content of this genus is exactly that of the speculum
musicum. Busch abbreviates genus diatonicum-chromaticum—genus 18
in Euler’s system—to GDC, a designation that we shall use throughout the
remainder of this chapter.

GDC is produced from pure fifths and thirds by means of the following
tuning process: F-C, F-A, C-G, C-E etc. or F-A, A-E, C-E, E-B and so
on.47 Euler first represented this process in a table, where he denoted fifth
relations with the symbol “V” and third relations with the symbol “III”.
Example 1-10 reproduces this table as it appears in Tentamen. Itis
essentially the scheme that Euler used thirty-five years later in “De
harmoniae veris principiis,” where he simplified the format and added

the title speculum musicum.

46 Busch, 82.
47 Busch, 82.
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EXAMPLE 1-10: GDC TABLE AND SPLCULUM MUSICUM48

v C 144 v 4 o
vG I v E y Cs
D m v H I y Gs
Fs 1 y Ds
B

Busch is quick to draw the connection between his diagrams and
Euler’s mirror. Genera 12, 13, and 14 each occupy different portions of the
mirror, but by conflating 12 and 13, and adding the pitch BY, all twelve
tones of GDC are accounted for. Busch suggests that Euler’s table may be
extended ad infinitum by higher powers of 3 and 5. Euler himself never
does this, but Busch argues that an extension is in keeping with the
treatment of more complex genera in chapter 10 of Tentamen. Example
1-11 conflates genera 12, 13, and 14 and extends GDC (where 1 = F) by
higher powers of 3 and 5.

48 Euler, Tentamen, chap. 9, §13.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



31

EXAMPLE 1-11: EXTENSION OF GDC49

Potensen
von 3

The double-lined portion of this diagram is GDC or the mirror of music.
Busch uses the symbol “+” to indicate pitches a comma (80 : 81) higher
than their GDC counterparts. Similarly, “~” indicates pitches a diesis
(125 : 128) lower than their unmarked counterparts, and “0” indicates
pitches a diaschisma (2025 : 2048) lower.

Example 1-11 begins to look like Riemann’s Table of Relations. Busch
says that such geometric modeling represents the conceptual processes
(Gedankenginge) at work in Euler’s description of several complex
genera>? The idea is that GDC is the simplest genus after the diatonic and
chromatic genera, since it contains both of these genera and only one

additional pitch. Through the combination of genera 13 and 14, or 12 and

49 Busch, 83.
50 Fuf (lix) notes anecdotally that Euler’s “he dedicated his recreational hours to music;
but even at the Clavier he heeded his geometrical imagination.” [Erholungstunden

widmete er der Tonkunst; aber auch an das Clavier beachte er seinen geometrischen Geist
mit.}
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14, however, new genera containing pitches outside GDC result, and these
can only be represented by extending the speculum musicum. Euler
considers these higher genera; the genus chromatica-enharmonicum

(2n- 32 - 53) contains three tones that do not belong to GDC (F, C, G), and
the genus diatonico-enharmonicum (2R- 33 - 53) contains four (F, C, G, D).
He goes on to discuss still higher genera in Tentamen, including 24-tone
divisions of the octave. In each case, the additional tones are simply the
higher powers of 3 and 5 shown in Busch’s diagram. Euler is careful to
add that tones extranecus to GDC in his complex genera can be substituted

with their GDC counterparts.

1.9 “The true principles of harmony” and Euler’s “Mirror”

Euler remained committed to the relationship between tone and
number throughout his career. The true principles of harmony were
mathematical, but only in his final music treatise did Euler use the mirror
to reflect these principles. One might expect the mirror to have been the
focus of Euler’s attention, but it was cited almost offhandedly near the end
of the work. The reason is that the mirror represented nothing new at this
stage, but instead synopsized a system that had been forty years in the
making.

“De harmoniae veris principiis” is a brief work containing the
intervallic theory belonging to GDC, and treating substitution and the
natural seventh in passing.>! Busch says the mirror is a formalism

(Schematismus) that Euler introduced in this work to illustrate complex

51 The treatise is 18 pages long in the modern edition: Leonhardi Euleri Opera omnia, ser.
3, no. 1:568-86.
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intervallic steps as simply as possible. The mirror suggested how difficult
intervals such as the tritone (F~B) might be conceived in terms of simpler
intervals (F-C, C-G, G-B).52 Busch also speculates that the mirror has “a
certain suggestive value” for combinatorial applications in composition
(kombinatorische Spielvorgéinge), but does not elaborate what this value
might be. Euler says little that pertains to either of these claims.

The principles underlying the formation of GDC are easy to illustrate
with the mirror, and this seems to be the main use Euler intended for the
model. Right-hand and left-hand movements (+V, —V) denote upper and
lower fifths; upward and downward movements (+III, —III) denote upper
and lower thirds. By conceiving intervallic relations vectorially—in terms
of the line segments connecting the mirror’s elements—complex intervals
in GDC may be resolved into primes and represented graphically. Busch
cites the interval 64 : 75, between F and G¥, which may be represented

three different ways on the mirror. Example 1-12 shows these possibilities.

EXAMPLE 1-12: THREE REPRESENTATIONS OF 64 : 7523

\ N \
\ \\ \
\
\ \ \
) 2N \ \ v
A N\ E A—pE A Y E
\ \\ \
\\ \ \\
v \ ‘\ \V
ch—s Gt c# Gt ct #

52 Compare with Lewin’s “Knight's move” where the tritone is understood against a

subdominant-dominant progression; see Lewin, 21.
53 Busch, 133.
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Euler symbolizes the six major and minor triads of GDC in the same
vectorial fashion His representation, seen in Example 1-13, is virtually the
same as representations used a century later by Oettingen and Riemann to

show the relation between major and minor harmony.54

EXAMPLE 1-13: REPRESENTATION OF MAJOR AND MINOR TRIADS®3

F—C C
A A——>E
major minor

Euler concludes his discussion by posing two problems in relationship
to the mirror. First, he asks how many trails lead from F to B if the only
permissible steps are +V and +III. He finds there are ten distinct trails and

carefully lists each one.56 We reproduce this list, along with the mirror, in

Example 1-14.

54 Compare with Hugo Riemann, Systematische Modulationslehre als Grundlage der
Musikalischen Formenlehre (Hamburg: J. F. Richter, 1887), 173.

55 Busch, 133.
56 Euler, “De harmoniae veris principiis,” 584, §29.
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EXAMPLE 1-14: TEN TRAILS THROUGH THE MIRRORS7

I. F:C:G:D :Fs:B,
II. F:C:G :H :Fs:B,
InI. F:C:G :H :Ds:B,
AIV- F:C:E :H :Fs:B, FC—G—D
V. F:C:E :H :Ds:B, | | | |
VI. F:C:E :Gs:Ds:B, A—E—H—Fs
VII. F:A:E :H :Fs:B, Cls—G‘!s——lZIts—IIS.
ViI. F:A:E :H :Ds:B,
IX. F:A:E :Gs:Ds:B,
X. F:A:Cs:Gs:Ds:B.

Euler then asks how many complete circuits from F to F are possible if
the only permissible steps are +V and +III, and each pitch may occur just
once. For this problem there are two solutions, although each circuit may
be completed in either of two directions. Busch suggests a connection to
serialism here, where each circuit is analogous to either the P, R, I, or Rl
forms of a 12-tone row. Example 1-15 sketches the four circuits. If the first
is taken as a “prime” form, the second is its retrograde, and the third and

fourth correspond to inversion and retrograde-inversion forms.

57 Euler, “De harmoniae veris principiis,” 584, §29.
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EXAMPLE 1-15: EULER’S CIRCUITS THROUGH THE MIRRORS8

>
4

Prime Retrograde Inversion Retrograde Inversion

......

Example 1-15 recalls a famous problem in topology that Euler had
solved years earlier, and thereby reinforces the link between geometrical
and tonal space in his music theory. The problem is the so-calied “Seven
Bridges of Konigsberg.” Konigsberg was a Prussian city consisting of two
islands, which were connected to each other and to the banks of the Pregel
by a total of seven bridges. The approximate arrangement of land areas
and bridges is sketched in Example 1-16a. Euler’s problem was to
determine whether there was any way to begin on one of the land areas
(labeled A, B, C, and D), walk across each bridge exactly once, and return to
the starting point. To solve the problem, he reduced the sketch in
Example 16a to the graph in Example 1-16b. Land areas became vertices
and bridges became edges in this graph. Euler was able to prove that a
walk across each bridge and back to the starting point was impossible
without backtracking; more generally, he proved that a complete circuit
was impossible in any graph whose vertices did not have an even degree

(were not the meeting point of an even number of edges). He also proved

58 Euler, “De harmoniae veris principiis,” 585, §30; Busch, 133.
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that a course passing through every edge, but not returning to the starting
point, was impossible in graphs with more than two vertices of an odd
degree. These findings marked the beginning of a branch of mathematics
that is known today as graph theory.

It is useful to distinguish the ways in which vertices may be traversed
in Example 1-16b. The term “circuit” is used for a course that returns to its
starting point, whereas “trail” is used for a course that does not return. A
trail is thus an alternating sequence of vertices and edges in which each
edge is flanked by its own vertices, no edge is used more than once, but at
least one edge is used; ‘d, db, b, e3, a, 3, ¢’ is a trail on Example 1-16b. A
circuit is simply a trail that begins and ends with the same vertex; ‘a, e3, b,
e4, @ is a circuit on Example 1-16b. A special kind of circuit that contains
all the edges of a graph is called an “eulerian circuit”; the Kénigsberg
problem amounts to showing whether the graph in Example 1-16b
contains an eulerian circuit.>? If we imagine the mirror of music as a
graph consisting of twelve vertices and seventeen edges, we see that an
eulerian circuit is impossible because six of the vertices have odd degrees
(A, C, D#, F#, G, G¥). The paths shown in Example 1-15 are both circuits,

whereas those in Example 1-14 are trails.

59 A circuit that does not repeat any vertex except the first and last is called a “cycle”; a
“hamiltonian cycle”—after the Irish mathematician Sir William Rowan Hamilton (1805-
65)—is a circuit that passes through all the vertices of a graph but one that might not use
all the edges. The mirror contains a hamiltonian cycle but not an eulerian circuit.
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EXAMPLE 1-16: KONIGSBERG BRIDGE PROBLEM

a) city of Konigsberg b) graph

It is also instructive to compare Euler’s mirror of music with the
musical circles that appeared in German treatises at the beginning of the
eighteenth century. The famous circles of Mattheson and Heinichen were
published in 1728 and 1735, respectively, and may have been known to
Euler. Both the speculum and the early musical circles were
representations of what their authors took to be the true principles of
harmony. But whereas the mirror reflected an abstract system based on
prime numbers, the circle-of-fifths summarized a concrete practice based
on equal temperament. Busch’s suggestion that Euler had actual music in
mind when he posed combinatorial problems like those in Examples 1-14
and 1-15 seems fanciful. There is little evidence that Euler had any
concern for the application of his theory, and he remained an opponent of
equal temperament throughout his life. Unlike the musical circles, which
remained tied to contemporary practice, Euler’s mirror was a gloss on an
impressive but ultimately speculative work. The association of the mirror

with speculative theory, and the circle-of-fifths with applied theory,
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persisted in later variants of both. Riemann’s Table of Relations also
belongs with his speculative work, and stands in roughly the same
relation to Weber’s pitch space as the speculum musicum does to the
circle-of-fifths. The speculative nature of the mirror and Table of

Relations is an important line of continuity between Riemann and Euler.

1.10 Substitution

Substitution was mentioned earlier, in connection with the problems
Euler encountered in his theory of consonance. The main idea was that
human perception could “substitute” simple frequency ratios for complex
ones in cases where the theory would otherwise assign too high a GS-
rating. Euler did not explore the implications of this idea, but simply
asserted it on an ad hoc basis to reduce inflated GS-ratings. Although his
assertion of the idea was weak, the idea itself underlies an interesting
philosophy of mind. Euler was essentially claiming that human
perception had the agency to modify sense data, so that the structure of
perceived objects (i.e. simple ratios) was potentially different from that of
the objects themselves (i.e. comiplex ratios). One should not read too
much Kant into this notion—Kant was younger than Euler after all, and
published his important work late in life—but Euler's Substitutionlehre
distinguished real-world objects from their representations in a manner
not different in kind from Kant's distinction between phenomenal and
noumenal modes of reality. We conclude this chapter with a brief account
of Euler’s notion of substitution.

Euler introduced substitution in “Conjecture,” twenty-five years after

the voluminous work of Tentamen. It is regrettable that he treated the
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concept as a corrective rather than as a basis for a theory of perception; as
things stood, substitution could be applied without restriction to any
acoustical event. In the case of the equal-tempered scale, which contained
no natural consonances, one’s ear presumably substituted whole-number
ratios for the relationships between any two sounds in the system. Just
intonation, in other words, served as a kind of perceptual default for equal
temperament, which was widely in use by Euler’s time. We shall see that
Riemann entertained similar ideas about the relation between just and

equal temperaments.

Substitution hinged mainly on Euler’s preoccupation with the natural
seventh, which he regarded as the characteristic feature of modern music.
Writing about the apparent dissonance of seventh chords, Euler said that
one “must carefully distinguish those ratios that our ears really perceive
from those that the sounds expressed as numbers include.” Chords with
sevenths presented special problems for Euler. The LCM of their ratios
tended to be large, which resulted in GS-ratings far out of proportion with
the way these chords sounded. The notions of complete and incomplete
consonance were of no help because the GS-rating could only be lowered
by omitting the seventh altogether. Euler became particularly anxious to
explain major-minor seventh chords. As we noted above (p. 20), the
chord 36 : 45 : 54 : 64 received a G S-rating of 17, which was unaffected by
the addition of 40 : 48 : 60. The rating seemed much too high but Euler
worked around the problem by substitutinig the seventh 4 : 7 for 36 : 64. He
believed that the relations contained in 36 : 45 : 54 : 64 were too difficult for
most people to hear, and that simpler ones were probably perceived. Euler
speculated that the ear substituted 63 for 64 so that 36 : 45 : 54 : 64 could be
reduced to the much simpler 4 : 5: 6 : 7, and 40 : 48 : 60 could no longer be
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inserted with impunity.60 The differenice between the actual chord and its
substitute was small (slightly more than a comma), and the impression of
the two chords was for all purposes identical. He called the substitute
dominant a “belle harmonie” and attributed its special charm to the
natural (substitute) seventh 4 : 7.61 The chord was consonant in his mind,
and required neither preparation nor resolution.

Through substitution Euler was able to solidify his theory of
consonance. A sophisticated ear was needed to grasp harmonies based on
the number 7, but Euler believed that his theory at least established the
consonance of such harmonies. He believed that the mind had finally
learned to count to 7 in music. The old objection that slight mistunings
could turn the sweetest consonance into the harshest dissonance was also
checked by the Substitutionslehre. As with seventh chords, Euler simply
asserted that the mentally grasped relation was different from the absolute
acoustical relation. This was the seed of a theory of perception that

continued to blossom in the nineteenth century.

60 Euler, “Conjecture sur la raison de quelques dissonances généralement recues dans la
musique,” 514, §14.
61 Euler, “Du véritable caractere de la musique moderne,” 533, §34.
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CHAPTER 2: THE DUAL DEVELOPMENT OF HARMONY
AND THE TABLE OF RELATIONS

2.1 Introduction

Riemann’s mature harmonic theory rests on two ideas. One is
dualism, or the idea that major and minor are opposite but equivalent
systems. The other is function, or the idea that chords belong to general
categories that determine chordal significance and progression within a
key.l Riemann’s three harmonic functions are tonic, subdominant, and
dominant.

Dualism and function are independent ideas and emerged in
Riemann’s work as responses to different problems. The impulse to
classify and generalize chords is evident as early as “Musikalische Logik”
(1872) but Riemann did not settle on a technical language for this aspect of
his theory until Vereinfachte Harmonielehre some twenty years later.
Greater urgency surrounded the idea of dualism, for Riemann could not
speculate freely on harmonic process until he had worked out a method
for deriving chords. In this he was indebted principally to Hauptmann
and Oettingen, both of whom he regarded as great dualists. The theory of
harmonic function emerged comparatively slowly ir: his work, and at each
stage of development had to accommodate an ever-present dualism.

Later we shall see how the marriage of function to dualism enhanced
the Table of Relations. In this chapter we shall concentrate on dualism

alone, specifically on the system introduced by Oettingen in his

1 Hugo Riemann, Harmony Simplified; or The Theory of the Tonal Functions of Chords,
trans. H. Bewerunge (London: Augener, 1896), 9. Riemann writes: “there are three kinds of
tonal functions (sigrificance within the key), namely tonic, dominant, and subdominant.”
Also William C. Mickelsen, Hugo Riemann’s Theory of Harmony and History of Music
Theory Book 3 (Lincoln: Univ. of Nebraska Press, 1977), 34.
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Harmoniesystem in dualer Entwickelung (1866). Oettingen’s work
should be distinguished from the work of several theorists whom
Riemann wishfully associated with dualism throughout his career.
Riemann was wont to use history in this way, to prop up his own ideas,
and in the case of dualism cobbled a path leading from Zarlino, Rameau
and Tartini, to Hauptmann, Oettingen, and himself. The real dualists in
this crowd were Oettingen and Riernann. Hauptmann’s dialectical view
of tonality inspired Oettingen, and greatly influenced Riemann, but his
explanation of minor harmony—which rested upon a conceptual rather
than perceptual distinction—was arguably not dualistic at all.2 The
pipeline for Riemann’s dualism came directly from Oettingen. It was the
language and method of his important but little known treatise
Harmoniesystem in dualer Entwickelung that shaped Riemann’'s
dualism most profoundly, and is key to understanding the Table of
Relations in his early treatises. Oettingen’s work reintroduced the Table—
now as a model for an innovative brand of harmonic dualism—after it

had been out of circulation for over a century.

2 Peter Rummenhéller writes: “there can be no question of dualism in Hauptmann’s work,
since all that matters—for major and minor chords, and for the entire system generally—is
the principle of emergence through dialectical generation.” [Von einer Dualitat bei
Hauptmann dann deshalb nicht die Rede sein, da fiir den Durakkord, wie iiberhaupt fiir das
gesamte System, eben nur das eine Prinzip dialektisch-erzeugenden Hervorgehens gilt.]; see
Peter Rummenhéller, “Moritz Hauptmann, Der Begriinder einer transzendental-
dialektischen Musiktheorie,” in Beitrdge zur Musiktheorie des 19. Jahrhunderts, ed.
Martin Vogel (Regensburg: Gustav Bosse Verlag, 1966), 28. With this dialectical principle
in mind, Daniel Harrison calls Hauptmann an “existential dualist...for whom oppositional
structures were a pervasive and poetic fact of life”; see Daniel Harrison, Harmonic

Function in Chromatic Music: A Renewed Dualist Theory and an Account of Its
Precedents (Chicago and London: Univ. of Chicago Press, 1994), 243. The differences
between Hauptmann'’s, Oettingen’s, and Riemann'’s brands of dualism are addressed in 3.9 of
the present study.
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2.2 Arthur von Oettingen (1836-1920)

Oettingen is a peripheral figure in the history of music theory, and one
whose work is all but forgotten today. He wrote a handful of works in
which he elaborated harmonic dualism, and addressed some of the
inconsistencies between his theory and musical practice. Oettingen was a
consummate Systemiker, or system builder, and his treatises are models of
order and presentation. In content, however, they are marred by a
compulsion for symmetrical structure, which is played out to extreme
lengths everywhere. Had dualism conformed better with musical practice,
the place of honor assigned to Oettingen in “Ueber das musikalische
Horen” might have been secured; but Riemann himself began pulling
away from Oettingen soon after 1874, and his subsequent interest in
Oettingen’s work was minimal.

Interestingly, Oettingen was a physicist by profession and not a music
theorist. His music-theoretic works reflect this, and if nothing else stand
as monuments to the tremendous faith his culture placed in scientific
method. The achievements of natural science in the late nineteenth
century were numerous and so impressive that it was just a matter of time
before someone-—preferably a scientist—attempted to bring music theory
into line with them. Oettingen was not the one to do this; the honor fell
instead to his famous contemporary Hermann von Helmholtz, whose Die
Lehre von den Tonempfindungen (1863) became an instant classic and a
standard point of departure for Riemann’s generation of music theorists.
Helmholtz's researches into acoustics and auditory physiology opened up
a new world for music theory, and theorists received this world with a

mixture of gratitude and dismay; but however they felt about Helmholtz's
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specific results, his work clearly stirred them to action. With the possible
exception of Hauptmann’s Die Natur der Harmonik und Metrik (1853),
no work exerted a stronger influence over German theory in the second
half of the nineteenth century than Die Lehre von den
Tonempfindungen3

Oettingen; s treatise of 1866 was written in the afterglow of Helmholtz's
work, and may be construed as a 300-page correction of what many felt was
Helmholtz's “error” concerning the minor triad. Minor harmony had
been an annoyance to theorists for a long time, since it was foreign to the
overtone series and derivable only through various theoretical sleights-of-
hand. The weight of tradition was enough for most theorists to accept the
minor triad, for even if they could not justify its use they were satisfied
that no one could give reasons to justify its restriction. This state of affairs
changed with Helmholtz, who embraced Euler’s gradational notion of
consonance, and set forth an acoustic theory wherein the minor triad was
deemed more dissonant than the major triad (recall that major and minor
triads received equal GS-ratings in Euler’s theory). Helmholtz's findings
were unpopular with musicians, and a little exasperating, since his data—
the best that modern science and technology could offer—seemed
unassailable. Harmoniesystem was the first serious rejoinder to Die
Lehre von den Tonempfindungen and served to balance the dialogue for
music theorists who lacked the scientific expertise to meet Helmholtz on
his own terms. Harmonic dualism was essentially one physicist’s critique
of another’s interpretation of complex and (for musicians) obscure

scientific facts.

3 Leon Botstein, “Time and Memory: Concert Life, Science, and Music in Brahms’s Vienna,”
in Brahms and His World, ed. Walter Frisch (Princeton: Princeton Univ. Press, 1990), 9-10.
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Riemann learned of Oettingen’s treatise shortly after his matriculation
at the University of Leipzig in the Fall of 1871. An unfavorable review of
the work in the Newue Zeitschrift fiir Musik caught his eye and rankled
him enough to make him want to take a look for himself.4 What
interested Riemann was Oettingen’s rationalization of minor harmony,
which was refreshingly nonempirical; indeed, Oettingen seemed to be
urging music theory to shake off its dependence on acoustical data and
proceed according to its own logic. His treatise signaled a radical reform
for Riemann and, along with Hauptmann'’s earlier work, inspired two
predissertation essays that were published in installments in the Neue
Zeitschrift fiir Musik> To see how the Table supported Oettingen’s ideas
we must first back up to Hauptmann and clarify a more basic relation

between dualism and musical space.

2.3 Dualism and Tonal Space

Harmonic dualism is inherently directional: Major triads are
conceived as upward-generated structures, and minor triads as downward

generated. The intervallic structure is identical—a major third and perfect

4 See Wilibald Gurlitt, “Hugo Riemann (1849-1919),” Akademie der Wissenschaften und
der Literatur in Mainz: Abhandlungen der Geistes und Sozialwissenschaftiichen
Klasse, vol. 25 (1950): 1863~1905. Gurlitt (p. 1870) wriies that Oettingen’s treatise came to
the younger theorist’s attention “through a piece of malicious and disparaging criticism”
[durch eine hamische absprechende Kritik]. For the review, see [J. 5.7}, “Ein neues
Harmoniesystem,” Neue Zeitschrift fitr Musik 65/42 (1869): 349-52.

5 These are “Musikalische Logik: Ein Beitrag zur Theorie der Musik,” Neue Zeitschrift fiir
Musik 68/ 28-29, 36-38 (1872): 279-82, 287-88, 353-55, 36364, 373-74; and “Ueber Tonalitat”
Neue Zeitschrifi fiir Musik 68/45-46 (1872): 44344, 453-54. Both essays were published
under the pseudonym Hugibert Ries, and later reprinted in Riemann’s Priludien und
Studien: Gesammelte Aufsitze zur Asthetik, Theorie und Geschichte der Musik, vol. 3
(Leipzig: Hermann Seeman, 1901). For a translation of “Ueber Tonalitat,” see Mark
McCune, “Hugo Riemann’s ‘Ueber Tonalitit': A Translation,” Theoria 1 (1985): 132-50.
Neither essay mentions dualism or the undertone series, but Riemann probably wanted to
reserve these subjects for full disclosure in his dissertation.
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fifth—the only difference being the direction in which the intervals are
measured off. Oettingen was attracted by the mirror relation between
major and minor triads and seized upon this as the basis for a
comprehensive harmonic theory. Since his conception of major and
minor was spatial, it was natural for him to seek a graphic format that
depicted the symmetrical relation between them. The Table served this
function well, as did other formats that Oettingen devised in connection
with it.

Oettingen was not the first to conceive of major and minor triads
spatially. Having rejected Helmholtz’s account of these structures, he
found welcome support for his ideas in the work of Hauptmann.
Hauptmann’s notion of harmony was very different from Oettingen’s—
his language exalted common chords to the grandeur of metaphysical
forces and must have seemed particularly anachronistic to Oettingen—but
like the dualists after him, Hauptmann too had a predilection for
oppositional structures in music. (Unlike them, he did not insist that the
fundamental of the minor triad was the fifth of the chord.) This
predilection surfaced nowhere more clearly than in his explanation of the
tonic and its two dominants. Dispensing with tedious ratios and appeals
to nature to derive dominant harmony, Hauptmann invoked a simple
opposition between a triad’'s having (Haben) a dominant and being (Sein)
a dominant: C major has G major as a dominant, but is itself dominant to
F major. Through such logic Hauptmann generated the three primary
triads and the diatonic collection, which he laid out in the manner of

Example 2-1.6 The significance of Hauptmann’s format, which

6 Moritz Hauptmann, Die Natur der Harmonik und der Metrik: Zur Theorie der Musik
(Leipzig: Breitkopf und Hartel, 1853), 27. In this example, and throughout our study, we
shall use ‘b" rather than the German ‘h’ to represent the pitch class B-natural.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



48

emphasized the directional aspects of tonality, was not lost on Oettingen:
tonic as center, subdominant left of center, dominant right of center. In
less than fifteen years Oettingen would advance his own model as an
improvement to Hauptmann's essentially one-dimensional or “flattened”

version of the Table of Relations.

EXAMPLE 2-1: HAUPTMANN’S MODEL OF THE MAJOR KEY

Uppercase letters in Example 2-1 represent fifth relations (F-C, C-G, G-D);
uppercase and lowercase together represent third relations (F-a, C-e, G-b).
The raising of lowercase letters so that they form their own horizontal
series(F @ ¢ € g b ) shows how small a step it is from Hauptmann's
one-dimensional representation to the two-dimensional representation of
the Table. The roman numerals in Example 2-1 denote the terms of
Hauptmann's well-known dialectic: I = unity (Einheit), Il = duality
(Zweiheit), and III = union of duality (Einheit der Zweiheit, or
Verbindung).

Having versus being permitted Hauptmann to explain minor
harmony as well, and it was this explanation that sparked the fires of
dualism and canonized Hauptmann for Oettingen, Riemann, and later

dualists.” If a tone may be said to have a major third and perfect fifth, then

7 See Chap. 3, » 51 for an account of Oettingen’s and Riemann’s misteadings of the Haben-
Sein polarity.
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the opposite must also be true, namely, that a tone may be a major third
and perfect fifth. The tone C has E and G as its third and fifth; by
Hauptmann's logic, this same tone may be thought of as being the third of
AP and fifth of F. Major and minor triads are “opposites” in other
words—one arises through having, the other through being had—though,
again, Hauptmann did not claim that one actually hears the minor triad
downward. The modeling of major and minor triads followed the format
of Example 2-1, and is given below in Example 2-2.8 The two
representations of minor harmony reflect a conflict in Hauptmann’s
thinking. Example 2-2a is the diagram he normally used to show the
“being had” relation; however, because he did not believe (as Oettingen
and Riemann did) that the fifth of the minor triad was in any sense a root,
he also gave the diagram in Example 2-2b, where C is interpreted as both
Zweiheit of F and Verbindung of Ab—as a dialectical consequence of two
pitches rather than an Einheit in itself. In each of Hauptmann’s
representations of major and minor harmeny the Haben-Sein polarity
found an explicit graphic image. These images became catalysts for new
ideas of tonicity, phonicity, homonomy and antinomy that Oettingen

would advance in the coming decade.

8 Hauptmann, 35.
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EXAMPLE 2-2: HAUPTMANN’S MODEL OF MAJOR AND MINOR TRIADS

a) minor triad b) minor triad ©) major triad

11 1 I I

F ab  C F ab C C e G
II1 I 1 I1 1 I

1 111

T

2.4 Harmoniesystem in dualer Entwickelung

We have said that Oettingen’s language and method are key to
understanding Riemann’s early use of the Table. Let us now consider
some of the novel terminology introduced in Harmoniesystem, beginning
with the work’s curious title. What exactly did Oettingen mean by the
“dual” development of harmony? This was as obscure to nineteenth-
century readers as for readers today, and Oettingen, sensing that “dual”
and other unfamiliar terms might perplex music theorists, addressed
terminology in a brief Vorwort.

At the risk of offending “ein philologisch gebildetes Ohr,” Oettingen
felt the need to introduce a terse language for ideas that would be
awkwardly expressed otherwise. The word “dual” required special
comment; though seldom used as an adjective in German, Oettingen

claims it was “originally such a term” and uses it adjectivally in his title.?

2 The nominal form Dualitit is more common. Goethe writes of the “the duality of
appearance as antithesis” [Dualitit der Erscheinung als Gegensatz] in his essay
“Polaritat,” which was the basis for a lecture given in Weimar in 1805. The play of
opposites is prominent throughout Goethe’s work, and may have set a tone for mid-century
German intellectuals. See Max Dufner and Valentine C. Hubbs, German Essays 11
(MacMillan: New York, 1964), 78-81.
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Here dual refers not simply to the opposition between major and minor
triads, but to further-reaching symmetries between the major and minor
tonal systems. Opposition between the two triads was the germ of a more
encompassing idea—a kind of logical primitive from which a fully
developed theory might bloom. And though it was part of Oettingen'’s
task to argue for the “innere Dualitdt” or oppositional equivalence of
major and minor triads, his chief work was to elaborate the “ussere
Dualitat” or consequences of this idea.

The reference to logic is fitting, since “inner” and “outer” duality were
intertwined propositions for Oettingen. He reasoned that the “inner
duality or Zweifiltigkeit of harmony also permits an outer, dual ... form of
development for the harmonic system.” This consisted in the
“symmetrical construction of all tonal structures and harmonic
progressions [and] it is in this sense that the word ‘dual’ is frequently used
in the text.”10 Oettingen probably did not feel that inner duality was
problematic, since most musicians already accepted the equivalence of
major and minor harmony, and he devoted relatively little space to the
subject in his treatise. Inner duality was the infrastructure of his theory
and outer duality the superstructure; this outer dual development—the
full-fledged and elaborate harmonic system to which the work’s title
refers—was Oettingen'’s preoccupation.

Why “dual”? Oettingen does not say why he chose this term when

there were more conventional alternatives—"gegensitzlich” or

10 Arthur von Oettingen, Harmoniesystem in dualer Entwickelung: Studien zur Theorie
der Musik (Dorpat und Leipzig: W. Gliser, 1866), iv. [Die innere Dualitit oder
Zweiféltigkeit der Harmonie gestattet auch fiir das Harmoniesystem eine dussere, duale,
d. h. zweiféltig-gegensitzliche Form der Entwickelung, die in einem symmetrischen Bau
aller Tongebilde und Klangfolgen sich kund thut. In diesem Sinne ist das Wort ‘dual’ auch
im Texte haufig angewandt.]
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“gegenseitig” for example—but it may help to reconsider the logical
aspects of his conception. We shall see that Oettingen’s system reflects at
every turn the mirror relation between major and minor harmony: Outer
duality is predicated strictly on inner duality, inner duality is reinforced in
turn by outer duality. The ideas are interdependent and exert reciprocal
force on each other.

There is another context in which the term dual denotes
interdependence and reciprocity. This is in mathematical logic and
involves the so-called “laws of duality,” which assert that the complement
of the union of two sets is equivalent to the intersection of their
complements, and vice-versa. For any two sets K and L, the expressions
(KULY=K' NnLand (KN LY =K’ U L are said to be duals of each
other.ll The duality in these expressions results from the exchange of U
(union) for N (intersection).!2 Consider the set KL = {f, ab, ¢, e, g}, and the
subsets K = {f, ab, ¢}, and L = {c, e, g}. In musical terms, we may think of K
and L as Unter- and Ober-Klinge of the composite Klang indicated by KL.

Since the union of K and L is KL, the complement of this union relative to

11 We adopt the notation used in Alfred Tarski, Introduction to Logic and to the
Methodology of Deductive Sciences, 2d ed. (New York: Oxford Univ. Press, 1946), 84.
Tarski denotates the complement of a set K as K*. Readers may recognize in (K U L) =

K’ M L’ and its dual (K M LY =K’ U L’ a generalization of De Morgan’s laws, which
assert for two propositionsp andg, (p A q)="p vg,and "(p v q)="p A7q. W. V. Quine
locates the essence of duality in these laws, named for the English logician Augustus De
Morgan (1806-78), but credits a more deliberate treatment of duality to the German logician
Ernst Schroder (1841-1902), whose three-volume Vorlesungen iiber die Algebra der Logik
(Leipzig, 1895) systematically expanded the work of De Morgan; see W. V. Quine, Methods
of Logic, 4th ed. (Cambridge, Mass.: Harvard Univ. Press, 1982), 84. Mathematical logic
underwent a period of intense development beginning in the 1850s with George Boole’s An
Investigation of the Laws of Thought (London, 1854), and culminating in Bertrand
Russell’s and Alfred North Whitehead's Principia Mathematica, 3 vols. (Cambridge:
Cambridge Univ. Press, 1910~13). Oettingen’s Harmoniesystem appeared near the outset of
this development and reflected, in its pursuit of a logical foundation for music theory, the
orientation of much contemporary mathematical and philosophical thought.

12 Quine (p. 81) writes that “the result of changing alternation io conjunction [the
propositional equivalents of intersection and union} and vice-versa throughout [some
schema] S is dual to S.”
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KL must be the null set, for which we would write (K U L) = @. The
complements of K and L relative to KL are K" = {e, g} and L’ = {f, ab}, which
means that the intersection of complements is also the null set: K’ N L' =
&, and therefore (K U LY =K’ N L’. In the dual expression (K N LY =
K’ U L’, both sides of the equation come out to {f, ab, e, gl

Analogous exchanges obtain in Oettingen’s formulation of inner and
outer duality. Let us consider inner duality first. Oettingen explains the
equivalence of major and minor triads by claiming that the tones of one
are unified by a common fundamental, while those of the other are
unified by a common overtone. He uses the term Tonicitit to denote the
property of intervals and chords sharing a common fundamental or tonic,
and Phonicitit to denote the opposite property of intervals and chords
sharing a common overtone or phonic.13 The major triad is tonically
consonant but phonically dissonant, because its upper fifth does not occur
among the initial overtones of its upper third (it eventually occurs as the
nineteenth partial of the upper third). The reverse holds for the minor
triad, which is phonically consonant but tonically dissonant because its
lower third does not occur among the initial overtones of its lower fifth.

(Remember that Oettingen forms minor chords downward from the fifth.)

13 The definition of these terms in Harmoniesystem is as follows (pp. 31-32): “By the
Tonicitit of an interval or chord, I understand the property of being conceivable as a partial
tone to some fundamental” [Unter Tonicitat eines Intervalles oder Accordes verstehe ich die
Eigenschaft desselben, als Klangbestandtheil eines Grundtones aufgefasst werden zu
konnen]; “By the Phonicitit of an interval or chord, I understand the property of possessing
some partial tones that are common to all the tones of the interval or chord” [Unter
Phonicitédt eines Intervalles oder Accordes verstehe ich die Eigenschaft desselben, stets
lrgend welche allen Tonen gemeinsame Partialtone zu besitzen]. In the chord c-eP-g, cand
ePhave the common overtone g. This makes them undertones for Oettingen, but his sense of
this term is different from Riemann’s notion of an acoustical undertone. Oettingen writes
that “one calls harmonic undertones all those tones that contain a given tone as overtone”
(p. 31) [Harmonische Untertone nennt man bekanntlich alle diejenigen Téne, die einen
gegebenen Ton als Oberton enthalten]. The phonic explanation of minor harmony is an
interesting distortion of Helmholtz, who also uses coincident partials to explain pitch
relations but without any suggestion of dualism (see 4.3 of the present study).
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Tonicitit and Phonicitit are dualistic concepts in the logical-mathematical
sense stated above. The propositions behind these concepts are: (1) two
partials share a common fundamental, and (2) two fundamentals share a
common partial.14 The difference between (1) and (2) is simply the
exchange of “partial” and “fundamental.” The propositions have the
same symmetrical relationship as the symbolic expressions for the laws of
duality. They also exploit Hauptmann’s Haben-Sein polarity, although,
unlike Hauptmann, Oettingen associates having with minor and being

with major. This association is summarized in Example 2-3.

EXAMPLE 2-3: HABEN (PHONICITAT) AND SEIN (TONICITAT) IN OETTINGEN’S SYSTEM

Haben Sein
(Phonality) (Tonality)
-6- phonic
//J-’ -~ /"-‘—> .=
’-) < // // /_) % // f
_‘/._ZL_'h%—_—— ya L . 2
RS tonic '—5:'—-/‘/

o—eb—g have a common overtone c-e-g are overtenes of
of which they are fundamentals of a common fundamental

The dual development of harmony that ensued from Oettingen’s
notions of tonality and phonality was theoretically coherent but musically

spurious. Oettingen took the major tonic system as his point of departure

14 Qettingen worked extensively as an editor and translator, and was widely read in the
scientific literature of the day. Harrison (pp. 246-47) suggests a connection between
Oettingen’s dualism and the work of French mathematician and engineer Victor Poncelet
(1788-1867), whom he says “coined the term dual to describe the truth relationships that
obtain when opposed terms are interchanged in some proposition.”
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and by adhering strictly to dualist principles, constructed a phonic system
whose harmonic relations were not those of minor tonality or of any
other system known to Western practice. Likewise, the dual of the
diatonic major scale was not the diatonic minor but the Phrygian mode,
whose high status in Oettingen’s theory was not supported by
compositional practice.}> Example 2-4 encapsulates the relation between
Oettingen’s tonic and phonic systems. The upper portion shows a
standard cadential progression in C major, or tonic ‘c’, and the lower
portion shows its dual in phonic ‘e’ (which is not the same as A minor).
Note the exchange of dominant and subdominant harmony in these

progressions, as well as the mirror relation of voice leading.

EXAMPLE 2-4: THE MIRROR RELATION BETWEEN TONIC AND PHONICSYSTEMS

|
- TP -_ r.2 [
in ton.-¢: g: S

—e—e——-—

ﬁ‘f: =

ﬁ e_g___.__.
in phon.-e: p

Oettingen’s correlate terms for subdominant and dominant harmony

in the phonic system are Unterregnante and Oberregnante.16 The

15 Vestiges of the Phrygian mode survive in the frequent use of b2 by later nineteenth-
century composers. Oettingen (pp. 82-89) seems unaware of this and makes his appeal for
the “phonische Geschlecht” on the basis of folk song, adding that “Nur aus der
europdischen harmonischen Musik ist es verbannt worden” [it has been banished only from
harmonic European music].

16 Qettingen, 67. Oettingen needs these terms to round out the phonic side of his system.
Like “dual”, Regnante is also an unusual word in German. It is used somewhat archaically

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



56

Oberregnante e-g-b, with doubled fifth, is the second chord of Example
2-4. Two chords later comes the Uniterregnante d-f-a in second inversion,
which closes on the phonic a~c-e—a strange progression by traditional
standards, but perfectly coherent in Oettingen’s theory. Tonic and phonic
triads built on the same pitch (f-ab-c/ c-e-g) are reciprocal (Reciprocal), a
term that also describes the relation between mathematical expressions of
duality. Reciprocal chords are formed oppositely and are therefore
antinoms, whereas chords formed similarly are homonoms. We shall
return to this terminology shortly, in connection with the Table, and in

the next chapter where we shall see its importance for Riemann.1?

2.5 The Table of Relations

Oettingen’s treatise consists of an introduction and six chapters. The
Table is presented early in the first chapter, and is invoked in later
chapters when Oettingen discusses modulation and key relation. We shall
focus on chapters 1, 3, and 4, which involve the Table directly and are

most pertinent to Riemann’s early work.

in English expressions, such as “the Queen regnant,” to denote sovereignty. Regnant is the
present participle of the Latin verb “regnare” (“to reign”) and is an appropriate correlate
for the word “dominant” in Qettingen’s system.

17 Riemann added the terms homolog and antilog to refer to the manner in which chords are
connected. An intervallic ascent between two major chords—C major and E major for
example—is homologic because the ascent follows the upward derivation of the chords
themselves; an intervallic descent between minor chords is also homologic. An ascent
between minor chords, or a descent between major chords, is antilogic because the direction
does not follow the upward, or downward, orientation of the chords. With this quartet of
terms—homonom, antinom, homolog, antilog—Riemann can classify any harmonic
progression. A move from c-e-g to aP-c—eP, a case of simple modal mixture, is an antilogic-
homonomic step: Both chords are major but the move to ab is achieved through the descent
of a major third.
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Harmoniesystem begins with a synopsis of the history of theory since
Rameau. Interestingly, Rameau is the only musician to whom Oettingen
refers in this synopsis. The theorists who have made the greatest
impression on him are either scientists or mathematicians. He cites the
work of d’'Alembert, Euler, and particularly Helmholtz. The reference to
Euler is significant. Riemann, we recall, dismissed the number-based
theory of Euler and other Kanoniker in favor of the perceptuaily oriented
work of Harmoniker, among whom he counted Oettingen. Oettingen’s
reliance on number is striking, though, and his initial presentation of the
Table as a means to show pure intervallic relations recalls Euler’s use of
the mirror in connection with the GDC model (see 1.8). Through
Oettingen’s influence a residual connection may be observed between
Euler and Riemann, although Riemann doubtlessly would have resisted
such a claim.

The magnitude of Helmholtz’s influence, which we mentioned earlier
in this chapter, comes through plainly in Oettingen’s introduction.
Oettingen credits Helmholtz with drawing into a coherent theory the
scattered body of knowledge about partial tones and other physical
attributes of sound. Among Helmholtz's other achievements, Oettingen
lists his pioneering investigations into timbre, his study of human
hearing, and his principles of Klangverwandtschaft (the relationship of
chords) and Klangvertretung (the representation of chords by individual
pitches). He shares Helmholtz’s conviction that music theory must stand

on a solid scientific footing before it begins to broach deeper psychological
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and aesthetic issues, and hails Helmholtz for “not merely [examining] the
objective qualities of sounds, but also reducing the subjective activity of
the human hearing organ, the mechanism of hearing, to rigorous physical
concepts.”18 On the other hand, Helmholtz’s ideas about partial tones and
beating seem to Oettingen of greater value for orchestration than for a
general theory of dissonance. Oettingen also believes that the dual
relation between major and minor chords—unpursued by Helmholtz—
bears on Klangverwandtschaft and Klangvertretung in a manner that
invites full-scale revision of the tonal system, including chordal and key
relations, and the theory of dissonance. Clearly his esteem for Helmholtz
had limits, but it was Helmholtz’s spirit—not Hauptmann’s—that finally
presided over his work. Oettingen remained true to natural-scientific
values and was uncomfortable with the metaphysical aspects of
Hauptmann's theory. Even where he did agree with Hauptmann,
Oettingen believed that his own system was superior because it drew upon
universal physical-physiological concepts rather than Hauptmann’s more
limited (gering) psychological ones.

Chapter 1 of Harmoniesystem introduces the Buchstabentonschrift
(letter notation) that Oettingen uses in the Table and throughout the
treatise. Oettingen explains how to derive the Schwingungszahl
(frequency number) of specific pitches from this script, and vice-versa.
There is also a consideration of intervallic consonance, and a brief
treatment of the ratios of major and minor triads. Oettingen derives the
“normal” or major tonal system in chapter 2, including its cadences and

consonant harmonic structures. Chapter 3 treats chord progressions and

18 Oettingen, 2. [Helmholtz hat...nicht blos objectiv die Eigenschaften des Klanges,
sondern auch die subjective Thitigkeit des menschlichen Hérorgans, den Mechanismus des
Horens, auf streng-physikalische Begriffe zuriickgefiihrt.)
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principles of modulation in closely related tonal systems. Chapter 4
presents the Verwandtschaftskreis (circle of relationship) for tonal
systems of the same mode (homonomic systems) and for those of opposite
mode (antinomic systems). Oettingen distinguishes two general kinds of
relationship in this chapter, parallele and reciproke, and ascertains their
boundaries. Chapter 5 treats tonal systems that result from modal
mixture. Oettingen observes four “mixed” systems and compares these
with the Greek modes. Chapter 6, the final chapter of Oettingen’s treatise,
is a theory of dissonance based on the dual principles elaborated in earlier

chapters.

2.6 Tone and Number Reconsidered

The relation of tone to number precccupies Oettingen in Chapter 1 of
his treatise. His appeal to mathematics is nothing new for music theory,
but unlike Euler and earlier Kanoniker, Oettingen’s conception is
harmonic and his starting point is the Klang, which he defines as “the
total sensation of a periodic disturbance of air, consisting therefore of a
series of tones.”1? QOettingen quotes several passages from Helmholtz,
including the latter’s claim that “sounds (Klinge) are distinguished from
each other through their loudness (Stdrke), absolute pitch (Tonhdhe), and
timbre (Klangfarbe).20 Absolute pitch is the only one of these attributes

19 Qettingen, 21. [Die Gesammtempfindung einer periodischen Lufterschiitterung heisst ein
Klang. Es besteht also der Klang aus einer Reihe verschiedenartiger Tone.]

20 Oettingen, 11. The term Klang presents special translation problems, since nineteenth-
century theorists used it in an acoustical sense—i. e. “periodic disturbance of air’—as well
as a music-theoretical sense. In references to specific chords, Klang normally appeared as
part of a compound: Unterklang, Oberklang, Terzklang, Quintklang. We shall follow this
practice as consistently as possible; where Klang appears on its own, however, the context
will clarify whether one should read “chord” or “composite sound.” See Chap. 5, n. 6 of the
present study.
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essential to dualism, and Oettingen dispenses with considerations of
timbre and loudness as he develops his theory. Klinge, of course, may be
expressed numerically: Since absolute pitch depends only on the
frequency of Oettingen’s “periodic disturbances of air,” Klinge with
higher frequency numbers will be higher in pitch than those with lower
numbers. Like Euler, Oettingen uses whole numbers to express tonal
relations in a system of pure or just intonation. His preference for just
intonation is typical of the period and presumably, again like Euler, he
considers it simpler and somehow more rational than equal
temperament. The shared orientation toward number and pure tuning
goes a long way in explaining the presence of the Table in Oettingen’s
treatise. Although Oettingen does not acknowledge Euler’s mirror, it
would be unusual for a scientist of his breadth not to have read Euler’s
work in acoustics and music theory. Oettingen’s Table, however, was a
perfect model in ways that would not have occurred to Euler. Its two
dimensions were ideally suited to a chord-based theory of music, and
Oettingen could represent the dual relationships of his system through the
Table’s symmetry. Example 2-5 reproduces the Table as it appears in
chapter 1 of Oettingen’s treatise. The term for representations such as this
is Darstellung, a term to which we shall return in Chapter 4 of this study.
Oettingen apologizes in his Vorwort (p. iii) for a work that is unfinished
in some respects and presented merely in the form of a Darstellung, an

ironic disclaimer given the importance of the Table to his theory.
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EXAMPLE 2-5: OETTINGEN’S TABLE OF RELATIONS IN H ARMONIESYSTEM

5™ go.

o: |—8|—-7{—6]--6;—4|—8]—2—1j0i1|2]3}4 ]| 6| 6| T| 8
m ____.—-——___!___.___'_
2| T T | T T |7 | 7 | fis |cis|gis|dis|ais| efs | Kis |fisis|ctars |gista|disis
AP R I Il B bl b i A FA A A F A A A b
Offes|ces{ges|des|os| es] b | flclgid|al e Jis | cis | gis

— 1 !deses|asas] eses bb&:g{g’@gu_bz clgld|ale

— 2| Lbb |feses|cesergesentdrses|asas| eses | b Hfes | ces\ges|des| a3 | es | b | S| <

The outward appearance of the Table is quite different from that of
Euler’s mirror, but a reconsideration of its mathematical underpinnings
will reveal some similarities. Oettingen was not happy to begin a treatise
on music with a mathematical prolegomenon, and even invited readers
to skip chapter 1 of Harmoniesystem.21 Because this first chapter lays the
groundwork for his theory and dlarifies the Table’s meaning, we may not
pass over it so easily.

Oettingen first develops a method for assigning frequency numbers to
the Table’s Buchstaben script, and vice-versa. Instead of assigning a
number that represents the actual frequency of central ‘c’, Oettingen lets ¢ =
1 and determines the values for all other pitches in his system from this
reference point. (This is essentially Euler’s method, except F =1 in his
system.) The rows of fifths and columns of thirds may be extended
infinitely without any repetition of pitch because the Table is based on

whole number tuning ratios.

21 David Lewin invites readers to do the same in his Generalized Musical Intervals and
Transformations (New Haven: Yale Univ. Press, 1987). The Table is discussed briefly in
chap. 2 of Lewin’s work.
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Oettingen begins by considering series of fifths. Since pure fifths may
be expressed as powers of 3, and octaves as powers of 2, the frequency
numbers for the central fifth-series are given by the formula 3% - 2%, where
n and x are whole number exponents. We begin by fixing the value of x at
0, so that ¢ =20 = 1. Different values of x will yield octave-steps above or
below the central series, however, Oettingen cannot represent these in the
two dimensions of the Table and does not bother to calculate them. If one
were to imagine the central ¢ (20 = 1) as middle C, or C4, then 21 =2 =5, 22
=4 = C6, and so on. Because Oettingen does not explore such octave-series,
we may understand 20 as the default for 2* and concern ourselves only
with the values of n in 3% For the letter names ‘g’, ‘d’, ‘a’, and ‘e’ these
values are 1, 2, 3, and 4 (the n values for the Table’s columns appear
horizontally along the top of Example 2-5). The frequency number of ‘g’ is
therefore 20- 31 = 3; for ‘d’, ‘a’, and ‘e’ the numbers are 20-32 =9, 20. 33 = 27,
and 20- 34 = 81. Since every pitch is unique and no two letter names have
the same frequency number, the idea of enharmonic equivalence is an
immediate casualty of this system. Oettingen makes this point when he
comments that “a power of 2 can never equal a power of 3.”22 Twelve
fifth-steps to the right of ‘c’ will result in the pitch ‘b# (20. 312 = 531441).
Because ‘b¥ is a power of 3 (that is, part of a fifth-series), and higher
octaves of ‘c’ are powers of 2, ‘b* = ‘c’. The acoustical difference between
this ‘b# and the nearest ‘c’ (219 30 = 524288) is small—only slightly greater
than a syntonic comma (the ratio 524288 : 531441 is equal to 23.5 cents)—
but the conceptual difference is very great: ‘c’ occupies a hypothetical third
dimension nineteen octave-steps above the Table’s central ‘c’; ‘b#’ is a

distant point twelve fifth-steps right of center. The derivation of any ‘c’

22 Qettingen, 12.
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will always be different from that of any ‘b#’. Indeed, every pitch will
have a unique relation to central ‘c’. One could use coordinate pairs as
pitch addresses in this system—'c’ = (0, 0), e = (0, 1), g = (1, 0) and so on.
(These addresses would naturally exclude octave-series, but the fact that
Oettingen models his theory in just two dimensions suggests that pitches
related by octave are in some sense equivalent for him.)23 Pitch addresses
could be used to measure distance on the Table, but it is doubtful that such
measurement would shed light on intuitions of perceived distance in
music. There are countless paths between any two locations on the Table,
and it is not at all clear what advantage might be gained by affixing
distances between these locations.

Third relations are less important for Oettingen than fifth relations.
This is reflected by a predominantly horizontal conception of the Table.
The Table’s columns serve essentially as conduits leading to and opening
up more remote series of fifths—upper and lower thirds are never ends in
themselves. When Oettingen considers third-related series of fifths,
however, he encounters letter-name redundancies, and this prompts a
discussion of third-relations and a modification of his script. Coincidences
of letter name are unavoidable but do not represent actual acoustical
redundancy. Oettingen explains them as the results of differences between
Pythagorean intonation—which is based on pure fifths—and just
intonation, which is based on pure fifths and pure thirds. For example, ‘e’
may be thought of as the upper third of ‘c’ or as the fourth upper-fifth.

The first ‘e’ is a power of 5 (51 - 30 = 5), whereas the second is a power of 3

(50 - 34 = 81). Although the letter names are the same, the two intervals ‘c—-

23 Lewin calls the Table a “modular harmonic space” (p. 21) because it strips away octave
relations and, in effect, folds three dimensions into two.
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e’ will sound different. The first is a pure or just third and the second is a
Pythagorean third.

To indicate pitch deviations between letter-name pairs, Oettingen
incorporates Helmholtz's Horizontalstriche.24 A horizontal line above a
pitch’s letter name means the pitch is one syntonic comma lower than its
unlined counterpart. The just third ‘c—&’ is therefore smaller than the
Pythagorean third ‘c—e’ (the difference between the intervals is about 21.5
cents). A horizontal line below a pitch’s letter name means the opposite.
The further one moves from the central series, the more Striche one
needs to represent these tuning discrepancies. Besides tuning discrepancy,
however, the Striche also show position: Two upper Striche denote a
fifth-series two vertical steps “north” of ‘c’; two lower Striche denote a
series two steps “south” of ‘c’. By means of Striche, cne gains an
inmediate sense of position relative to the Table’s central series.

Once Oettingen has explained the tuning relations of the Table, he is
ready to generalize the relation between tone and number. Because thirds,
fifths, and octaves may be expressed as powers of 5, 3, and 2, respectively,
the formula 57 - 37 - 2% will determine the Schwingungszahl for any tone
in the system. Oettingen abbreviates this formula to 5" - 3", since powers
of 2 are excluded from the Table (he proposes using vertical Striche and
uppercase letters to distinguish octave-related pitches, but incorporates
neither into the Table). For any tone t, m may be thought of as the
number of third-steps north or south of the central series, and n the
number of fifth-steps east or west of the origin. The Table’s m values in

Example 2-5 are limited to horizontals two third-steps above and below

24 Helmholtz introduced Striche in the first edition (1863) of Tonempfindungen as a
modification to Hauptmann’s notation. See Chap. 3, n. 62 of the present study.
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the central series: m ={-2,-1,0, 1, 2}. The n values are slightly more
inclusive: n ={-8,-7...7, 8}. To determine the Schwingungszahl for ‘¢’ —
one step north, four steps west of the origin—one would fix m at1andn
at -4, and apply the formula: 51-3-4=>5/g;. For the dual pitch ‘C’—one step
south, four steps east of the origin—one would take the opposite values of

m and n, and apply the formula: 51-34=8l/5. In general, where m is

m
positive and n is negative in 57 - 3%, the Schwingungszahl = 5?,,- ; where m

n
is negative and n is positive, the Schwingungszahl = -53—,;,- ; where both
m . an
exponents are positive, the Schwingungszahl = STS, and where both are

negative, the Schwingungszahl = STIE"— Notice the numerical relation

between pitches sharing the same letter name. We have seen that ‘T =
5/81; by applying the formula to ‘& (m =2, n =-8), we get 25/g561, and by
applying it to ‘¥ (m =3, n =-12), we get 125/531449. In general, for any I" =

a [ (where | = letter name, m =0, and a and b are positive integers), I"*1 =

gsi%, and Im-1= %1-5. The prominence of the number 81 in this relationship

is due to the syntonic comma, whose ratio 80 : 81 represents an intervallic
constant between like-named pitches. Oettingen remarks that no single
pitch can be expressed by more than one combination of integers standing
for m, n, and x in the expression 5" - 31- 2%, since every number has a
unique prime form. Ultimately, Schwingungszahlen and Buchstaben are
correlated with prime forms, which we recall played an important role in
Euler’s theory too. Later we shall see Riemann musing over prime
numbers in connection with the Table.

The upper-left to lower-right diagonals of the Table form series of
minor thirds. The minor third (which Oettingen calls the Ergidnzung),

complements the major third, and is the difference between the interval
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classes represented in the Table’s horizontal and vertical series. Oettingen
adds these two interval classes to form the major seventh, and finds
seventh-series in the opposite diagonal, which contains all of the
ascending and descending leading tones of a key. By means of the minor-
third diagonals, Oettingen is able to use the Table to represent “alle reinen
consonanten Dreikldnge,” in the form of right-angle triangles. These
triangles stand in a mirror relation to each other—the major triangle
points upward, and the minor triangle points downward—and perfectly
depict Oettingen’s conception of inner duality.

Oettingen compares his notation to that of Helmholtz and
Hauptmann, who both use uppercase letters for fifth-related pitches (C-G,
G-D, D-A) and an uppercase-lowercase combination for third-related
pitches (F-a, C-e, G-b). Helmholtz and Hauptmann thus represent the
supertonic d minor as D-F-a, to show that D and F are part of one series
and ‘a’ is part of another. Oettingen is able to dispense with uppercase |
letters because the Table makes the derivation of the chord clear: ‘d’ and ‘f’
lie along the central fifth-series; ‘@’ is a pure third one step north of ‘f'.
Oettingen thus writes d—f-a instead of D-F-a.25 Since the interval d-a is
21.5 cents smaller than the pure fifth d-a, and since ‘d’ is not adjacent to
f-a on the Table, the chord d-f-a is a dissonance in his system. Oettingen
depends on just intonation in this way to make distinctions between
chords that are nominally the same but acoustically different. He appeals
to Euler’s work, as well as Hauptmann’s and Helmhoitz’s, and seems

dismayed that so much music theory has ignored the subject of

25 Helmholtz saw the advantage of this method, and did away with uppercase
Buchstaben in the third edition (1870) of Tonempfindungen. While Oettingen used upper
Striche to denote the lowering of pitch, and lower Striche to denote the raising of pitch,
Helmholtz (and Riemann after him) did just the opposite; see Chap. 3, n. 62.
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intonation. There is no turning away from pure tuning Oettingen
believes, once “the essential nature of Helmholtz’s researches” has been

penetrated.

2.7 Tone-Systera Relations

Oettingen generalizes the relations among tonic and phonic
Tonsysteme in the third chapter of Harmoniesystem. Essentially he is
treating key relations in this chapter, but the word “key” is better avoided
given the nature of the phonic system. The occurrence of parallel chords
between systems-—chords derived from the Table of Relations in the same
manner—is an important determinant of tone-system relations. So too is
the occurrence of reciprocal chords (opposites such as c-e-g and f-ab—c ).
Oettingen thus invokes the notions of homonom and antinom (see p. 56
above) to help explain tonic and phonic relations. Chords that are formed
similarly are homonomic, whereas chords formed oppositely are
antinomic. Parallel chords are homonomic, in other words, and reciprocal
chords are antinomiic.

Oettingen extends the meaning of homonom and antinom to tone-
systems; the relation between two major (tonic) systems is homonomic,
whereas that between a major and a minor (phonic) system is antinomic.
Every tone-system has three homonomic and two antinomic chords; the
nearest degree of relation obtains when the tonic or phenic chord of one
system is represented identically in another. Oettingen uses the term
Klangvertretung to refer to such representations of parallel chords.
(Riemann uses the same term synecdochically, to refer to single pitches

that stand for entire chords.) For any system, there are two hemonomic
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and two antinomic systems in which the tonic or phonic triad will appear.
Tonic ‘¢’ is related through this notion of Klangvertretung to tonic ‘f
(Unterdominante), tonic ‘g’ (Oberdominante), phonic ‘& (Parallel), and
phonic ‘b’ (Leit-Tonart) because the tonic triad c-&—g occurs in each of
those four systems. To decide which of them is closest to tonic ‘c,
Oettingen first considers tuning discrepancies but then decides that
common chords are a much better measure of relatedness. Mere
representation is not sufficient, though. Oettingen also considers the
meanings of common chords in each related system; the number and
meaning of such chords determine a system’s relatedness to tonic ‘c’.
Chordal meaning (Bedeutung) is an undernourished concept here,
since Oettingen does not classify chords functionally. (By contrast,
Funktion and Bedeutung are more or less interchangeable for Riemann.)
Chords are either essential Hauptklinge or nonessential Nebenklinge. In
tonic ‘c’ the Hauptklinge are Tonica c—&~g, Unterdominante f-3—, and
Oberdominante g—B—d; the Nebenklinge are Oberterz a—c—%, and Leitklang
é-g-b. In phonic ‘&, the Hauptklinge are Phonica a—c-8, Unterregnante
d-f-a, and Oberregnante é'—g—B; the Nebenklinge are Unterterz c—2-g, and
Leitklang f-a-c. Although Oettingen distinguishes among essential and
nonessential chords, his theory does not assign them specific contextual
roles. Terms such as Unterterz and Leitklang—and even Tonica and
Oberdominante—are labels that describe chord derivation, not function.
A chord’s meaning is limited therefore to rather trivial categories of
“essential” and “nonessential.” Such nonessential chords as Oettingen’s
tonic and phonic Leitklinge had to await Riemann for their functional
clarification. (Both are tonic Leittonwechselklinge in Riemann’s system;

see 5.4 and 5.5). Indeed, all of Oettingen’s Hauptklinge and Nebenklinge
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were assimilated into Riemann’s function theory, in addition to much of

the terminology he used to describe them. Oettingen’s theory is in this

sense proto-Riemannian, and lacks only the functional component.

Example 2-6 summarizes the relationship between tonic ‘c’ and its four

closest systems. An analogous table could be drawn up for phonic ‘€,

whose closest relations are tonic ‘c’, tonic ‘f’, phonic ‘@', and phonic b.

EXAMPLE 2-6: TONE-SYSTEMS CLOSELY RELATED TO TONIC‘C

Tone-System CommonChords

Meaning in Tonic ‘c’

Meaning in Tone-System

1) phonic ‘@ a—c-8 Parallel Phonica
g&g-b Leitklang Oberregnante
g Tonica Unterterz
f-a-c Unterdominante Leitklang

2) phonic b é—g—B Leitklang Phonica
a-c-¢ Parallel Unterregnante
g-b-d Oberdominante Unterterz
c—<e-g Tonica Leitklang

3) tonic ‘f’ f-a-c Unterdominante Tonica
g Tonica Dominante
-2 Parallel Leitklang

4) tonic ‘g’ g-bd Oberdominante Tonica
c«é‘:% Tonica Unterdominante
e-g Leitklang Oberterz

Example 2-6 omits several chords from consideration. Phonic ‘e’ and

tonic ‘c’ both contain a d-minor chord, for example, but d minor is not

listed as a common chord between these systems. The reason for this

omission and others concerns tuning. In just intonation, the d-minor

chord in question is actually two different chords. The Unterregnante of

phonic ‘@ contains the pitches d-f-3, which fall into triangular formation
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on the Table, whereas the d-f-a chord of tonic ‘c’ does not fall into
triangular formation. Example 2-7 shows the derivation of these two
chords; the second is actually an amalgam of the chords f~3—c and g-b—d.
The ‘d’ belongs to the central series as the fifth of ‘g’, and sounds slightly
out-of-tune with the nonadjacent interval f—'é. This d-f-a chord is
Rameau’s chord-of-the-added-sixth, a subdominant f-a—c with ‘d’
substituting for the omitted fifth. We earlier represented it as D-F-a;
using this notation, one would write D-f-A for the Unterregnante d—f-a
in phonic ‘@. The Unterregnante is perfectly consonant, whereas the
chord-of-the-added-sixth is an example of what Riemann calls a
Scheinkonsonanz or “apparent consonance.” Oettingen characterizes the
modulation from tonic ‘c’ into phonic ‘&’ chiefly as a move from the

dissonant d-£{-= tn the pure phonic d-f-a.26

EXAMPLE 2-7: CHORD-OF-THE- ADDED-SIXTH (d—f-&) AND UNTERREGNANTE (d—£-3)

d a & b, f*
\\ N
~ [} o
A 1 ~
~ ] ‘\
'~ ] ~
o ) \\
A -

26 Hauptmann went so far as to call the dissonant d—f-a chord a diminished triad.
Oettingen does not claim this, but feels nonetheless that his predecessor’s insight into the
double nature of the supertonic triad has not been fully appreciated. For example, Heinrich
Bellerman takes up the subject in connection with Sechter’s theory but makes no mention of
Hauptmann, whose theory, according to Oettingen “scheint dem Verfasser [Bellerman]
nicht bekannt zu sein” (p. 81); see also Heinrich Bellerman, Der Contrapunkt; oder,
Anleitung zur Stimmfiihrung in der musikalischen Composition (Beriin: Julius Springer,
1862), 8.
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Although phonic ‘€ and ‘b’ each share four chords with tonic ‘c’, they
are not as closely related to this system as the tonic systems of ‘f’ and ‘g’.
The relation between tonic ‘c’ and phonic ‘@’ (the Paralleltonart or relative
minor) is weakened because the Oberdominante g-b—d does not occur in
phonic ‘&, and the Regnante d—f-a does not occur in tonic ‘c’. Besides the
tonic and phonic chords, these are the most important Hauptklinge of the
two systems. Their omission in Example 2-6 is not trivial and may explain
why Oettingen judges phonic ‘b’, the Leittonart, as only slightly less related
than phonic ‘@’ to ‘c’. The Leitton relation is a novel aspect of Oettingen'’s
theory, and one he believes traditional theory has obscured by insisting on
a third-relation between chords such as c-&-g and é-g-b. The Table
clarifies the true relation between these chords, and shows how close they
are indeed: One diagonal “leading-tone step” separates c—€-g from &-g-b.
The leading-tone ‘b’ is in effect substituted for the root ‘c’ to yield the chord
&-g-b. Oettingen follows Hauptmann with respect to the
Unterdominante and Oberdominante systems in Example 2-6: Of the two
tonic systems, he believes ‘I’ is closer than ‘g’ to tonic ‘c’ because ‘c’ has a

gravitational pull toward ‘f’ as its upper dominant.

2.8 Chord Connection

An unusual and remarkable theory of chord progression underlies
Oettingen’s treatment of modulation. Chord progression is

“transformational” for Oettingen—the Leitklang e-g-b is the result of
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something one does to c—&-g, in this case the result of applying the
antinomic Leittonschritt to the tonic. Oettingen sometimes uses the word
Umwandlung tc describe chord progressions, which stresses the relation
between chords but does not connote the progressive aspect of harmony.2?
The term “connection” probably describes Oettingen’s transformational
approach to chords better than “progression,” and we shall use it
throughout our discussion. The model of chord connection is of great
importance because it shows us how Oettingen navigates the Table of
Relations. The Table assumes new significance once Oettingen begins
addressing chords and modulation. Besides showing tuning relations
among pitches, it now shows transformational possibilities among
chords.?8 In the course of discussing chord connections, Oettingen
considers more distantly related tone-systeﬁs than the ones appearing in
Example 2-6.

Oettingen claims that third- and fifth-relations between chords are
directly intelligible, but unlike Helmholtz (see 4.3) he dispenses with
common tones as a measure of chord relation: The closest chords to tonic
‘c’ are its upper and lower dominants (g-b—d; f-a—c), followed by the
phonic chords of the upper third (3—c-¢) and leading tone (8-g-b). Any of
these chords may follow the tonic directly with good effect. Indeed, they
are all the results of transforming the tonic in the sense suggested above.
The homonomic Quintschritt yields the chords g-b-d and f-a—c, the

antinomic Terzschritt yields the chord a——€, and the antinomic

27 The term Fortschritt—a “stepping forth”—is normally used by German theorists, but
Oettingen prefers to speak of Klangfolgen, or harmonic successions. The third section of
Harmoniesystem is entitled “Modulation und Klangfolge.”

28 Riemann’s theory is also transformational in this sense. See Chap. 5 of the present
study.
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Leittonschritt—a compound fifth-plus-third step—yields the chord
8-g-b.29 To these transformations Oettingen adds one of particular
importance, which he calls the antinomic Wechsel or Octavschritt. The
Wechsel transforms a chord into its reciprocal (c~€-g into f-ab-c), which
may also follow the tonic directly. Without the antinomic Wechsel most
chords in the Table would remain inaccessible (Oettingen mentions
b-d*-F*, the reciprocal of e-g-b), but all are within reach once it is
incorporated. The antinomic Wechsel is an important mediating step
between indirect (nonadjacent) chords, and thus for modulation into
remote tone-systems. One has only to apply it once to move into a new
fifth-series, and through successive combinations of antinomic
Terzschritte and Wechsel any fifth-series in the Table may be reached.
Oettingen claims that vertical moves to homonomic chords a major third
apart are frequent, and much nineteenth-century music bears out his
claim. The strength of the transformational system is that it can mediate
the remotest of connections with a repertoire of just four moves. Example
2-8a summarizes these moves, and Example 2-8b demonstrates how one
may proceed from one fifth-series to another through applications of T

(antinomic Terzschritt) and W (Wechsel or Octavschritt).

23 Notice that Oettingen does not distinguish the direction of the Quintschritt. For
Riemann, the move to Oberdominante was a homologic-homonomic Quintschritt, whereas
the move to Unterdominante was an antilogic-homonomic Quintschritt (see n. 17)
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EXAMPLE 2-8: BASIC TRANSFORMATIONS; MOVING AROUND WITHT AND W

a)

Basic Transformations

1) homonomic Quintschritt (Q): ¢+ —g+: & -3°
2) antinomic Terzschritt (T): ¢c+-¢&°
3) Wechsel (Octavschritt) (W): c+-c®

4) antinomic Leittonschritt (L): ¢+-b° [Q+T=L]}

b)
Moving Arcund With T and W

1) OV T#\ i,
L B e .
\\\<t\
cee a. 3 b cos
2
1
. < g .
N —
é‘, + : *:: ‘lj—-o——ﬁé-o—
[} -5

—
=
—
=

1'0)

ohHH

:

) . .ee (3

An important feature of Example 2-8b is that it shows how Oettingen

conceives of chromatic third relations between chords such as C major and

E major, or FP major and AP major. A chromatic third relation, or

instance of secondary mixture, is indirect and the chords involved must be

mediated through some combination of transformations.3? In the move

30 Secondary mixture is Aldwell and Schachter’s term for “the alteration of the 3rd of a
triad where such alteration does not result from normal mixture.” See Edward Aldwell and
Carl Schachter, Harmony and Voice Leading, 2d ed. (New York: HB]J, 1989), 363—64.
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from C major to E major an A minor chord provides the necessary
connection, for it is directly related to C major through T, and to E major
through W.

Through different combinations of Q, T, W, and L there is no limit on
the number of paths one can trace between two chords. The model of
chord connection is so versatile that it can account for any chord
progression in common practice tonality. Often, however, the account is
unsatisfying. Two particular weaknesses {(which Riemann later remedies)
frustrate attempts to find musically coherent paths on the Table. One is
Oettingen’s reliance on just intonation, which he did not consider a
weakness at all, and the other is his failure to assign functions to chords,
which he did consider a weakmness but could not circumvent.

We have mentioned both of these problems, but have yet to see their
consequences in a musical situation. Because of just intonation,
Oettingen’s model is insensitive to chordal ambiguity brought on through
enharmonic change. Chords, like pitches, have unique acoustic identities
and derivational positions on the Table. No chord can “be two places at
once,” yet composers routinely exploit just such ambiguity. The problem
of function is intertwined with Oettingen’s reliance on just intonation, for
it would be daunting indeed to develop a functional language for a system
containing an infinitely large collection of chords. Oettingen is not up to
the task, and leaves it to future generations “to sift through the chaos of
possibilities and create order by means of a clearly recognized law through

which the higher freedom of art is achieved.”31 Though Oettingen

31 Oettingen, 156. {Es wird eine Hauptaufgabe der zukiinftigen Musikwissenschaft sein, das
Chaos der Moglichkeiten zu sichten, durch kiar erkannte Gesetze eine Ordnung zu schaffen,
durch welche allein die hohere Freiheit der Kunst errungen wird...}
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recognizes the problem, he apparently does not see the role of equal
temperament in solving it. Chords are not discrete in his system—they
are linked transformationally—but transformations are only a means of
navigating the “chaos”; they are blind to normative progressions
underlying it, and therefore to the various meanings a chord may have
depending on its context.

Whenever Oettingen encounters enharmonic change in music—he
avoids music analysis, so this is rare—his system breaks down. The abrupt
appearance of a “new” chord that occupies a remote position on the Table
has no rationale in the transformational model. Instead of saivaging his
system, however, Oettingen faults the music in such passages for shifting
incongruously into the “wrong” key. Modulationsfehler occur quite often,
and even in the work of great composers. Oettingen cites several
examples in Beethoven, one of which is given below in Example 2-9. The
excerpt is from the deveicpment section of Beethoven’s Piano Sonata in C,

op. 2, no. 3, and the modulation error occurs at measure 103.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



EXAMPLE 2-9: "MODULATION ERROR” IN OP. 2, NO. 3

s .
3 1~
| 2 g ,—’:r\.l - : ==—(, > ' t ; S . fmm— _:‘
- e 8 P e o ¥
v a ~
g Yie ¥ U\_u". ) "3 ";z :E? f
"' p 1

PP 3 PP rr—
=T o : (e— > 0g 2 Mhyor— vy
\ e ‘c—.-’; it —— e * e =

o o I,
-

D L

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



78

The passage in question begins in m. 97 on the dominant of EP major,
and arrives in m. 109 on a tonicized D major chord. We have numbered
the main chords of the passage for ease of reference. The “modulation
error” occurs when the F and AP of m. 102 are reinterpreted as the third
and fifth of a C* major chord in m. 103. According to Oettingen, the chord
at m. 103 should be ‘dP-f-a?, not T#-&#-g#, because this chord is directly
related to the ‘f-ab—c’ of m. 102 through the Leittonschritt.32 He criticizes
Beethoven for leading the passage into D major when, transformationally
speaking, the true goal is E? major. Oettingen’s view of the passage is

most easily expressed in terms of the Table.

EXAMPLE 2-10: TRANSFORMATIONAL ANALYSIS OF OP. 2, NO. 3 (MM. 97-109)

d € Transforms
\ 2a 2 23
2 f c g d 2—-3: Q+W

3 L
. 3—4:
R dv ab 45 W
5 \
5—6: T
y] 6
ebb pbb fb 6—7: Q

Chord 2 in Example 2-10 stands for the diminished seventh b-d—f-ab,
and is three Quintschritte (3Q) away from chord 1. The relation between

chords 2 and 3 is indirect, but one way of connecting them is through a

32 Oettingen, 143. There is a misprint in Oettingen's text, which confusingly equates gb-__fP-
ab with Beethoven’s c#-&#-5%. It is clear from the context that Oettingen means f-natural
rather than fb.
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combination Quintschritt and Wechsel (Q+W). This possibility is shown
by a hypothetical move from chord 2a—which does not occur in the
music—to chord 3. The enharmonic change occurs between chords 3 and
4. In Example 2-10, however, the two chords are directly related through L.
Chords 4 and 5 are related through W, chords 5 and 6 through T, and
chords 6 and 7 through Q.

Oettingen’s analysis of these few measures is mechanistic and leaves a
cold impression. Chords seem little more than passive objects in the
Beethoven excerpt; one may be iransformed into another but none
possesses the dynamic quality we experience when listening to this music.
Because Oettingen neglects the propulsive aspect of harmony, his
transformations are a better model of chord connection than chord
progression. To show the progressive nature of chords, he needs a theory
of function. Without this he cannot acknowledge the ambiguity of
cf-g#-g# at m. 103, or interpret D major at m. 105 in the context of the
whole movement. The C# major chord is a sudden and irrational
incursion into his system. He must read it either as db—f-ab, and fault
Beethoven, or revise his theory. The exasperating thing is that Oettingen
does sense the need for a higher criterion—one that will control chordal
transformation and reduce the “chaos of possibilities”—but instead of
yielding his theory to this need he forecasts darkly that a “functional
connection of these forces might be very hard to find.”33 A theory of

harmonic function was not as far off as Oettingen imagined.

33 Oettingen, 156.
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2.9 Tone-Systems Generalized

Oettingen concludes chapter 3 of Harmoniesystem with a discussion of
distantly related tone-systems, a discussion that becomes possible once he
has explained chordal connection. Chapter 4 organizes cloce and distant
relations in a series of four symmetrical charts. As before, the proximity
between systems is determined by the presence of parallel or reciprocal
chords. We have seen the Table used to clarify pitch and chord relations
in Oettingen’s system. In chapter 4, it is used to summarize tone-system
relations. The Table is by modern standards a complete pitch space, since
it may be used to model tone, chord, and key relations.

Oettingen applies the standard of smooth chord connection to moves
between tone-systems. Remote systems must be mediated through
systems whose tonic {or phonic) chord is directly related to both of them.
This chord need not be a pivot chord in the traditional sense. In a move
from tonic ‘c’ to tonic ‘dY, for example, f-ab—c serves as mediator because it
is both W of ‘¢’ and L of ‘dY. On the other hand, &-g-b serves as mediator
between tonic ‘c’ and tonic ‘D’ because itis L of ‘¢’ and W of ‘b’. Eight
systems can be obtained either directly from tonic ‘c’, or at most through
the mediation of its antinomic Wechsel. The direct systems are phonic ‘&,
phonic ‘b’, tonic ‘f’, and tonic ‘g’ (see Example 2-6). The W-mediated
systems are tonic ‘a¥, tonic ‘dY, phonic ‘g’, and phonic ‘f'. In each of these
systems f-ab—c (W of ‘c’) is the mediator. Through the application of W to
the tonics and phonics of these systems, Oettingen obtains four more W-
mediated systems: tonic ‘@’ (W of phonic ‘&), tonic ‘b’ (W of phonic ‘b’),

phonic “‘a?” (W of tonic ‘a?’), and phonic ‘d” (W of tonic ‘d?).
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The W-mediated systems inspire several shortcut transformations
whose purpose is to circumvent combinations of W, Q, and T. Using the
basic transformations, a move from tonic ‘c’ to phonic ‘g’ is indirect and
requires at least one intervening step (c—e-g [Q] g-b-d [W] c—eb-g). Even
the combination  + W, however, is not simple or clear enough to satisfy
Oettingen, so he introduces the shortcut antinomic Quintschritt {Q).
Although Q is always more intelligible than Q, there are many cases where
Oettingen’s shortcut reflects the harmonic situation better than Q + W.
Two other shortcut transformations are the klein QOberterz Wechsel (T1)
and klein Unterterz Wechsel (T2), both of which are similar to T but
involve a minor third instead of a major third. Example 2-11 illustrates Q,
T1, and T2. Shortcut transformations are Oettingen’s response to
commonplace harmonic relations that happen to be remote in his theory;
in most situations he prefers the simplicity of Q, T and W. Riemann later

adopts both basic and shortcut transformations into his function theory.
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EXAMPLE 2-11: SHORTCUT TRANSFORMATIONS

(1) antinomic Quintschritt (Q): c+-g° (2) Klein Oberterz Wechsel (T1): ¢+ — eb*
Q+W = Q Q+T+W = T7
€ 13 €

NN
AN N

Q T o — TI = ey 7
LT A+ = \+ o) v+
\_____/
(3) klein Unterterz Wechsel (T2): ¢+ -3°
d: T g a > S
4
IN K N \ AN x
bb £ c g ———~(d) 2Q+L=T2 bb f e g——(d)
e — T
TR TS

The fourth chapter of Harmoniesystem is entitled
“Verwandtschaftskreis der reinen Tongeschlechter” (The Circle of
Relation of Pure Tone-Systems). Here Oettingen compiles a list of tonic
and phonic systems that bear some relation to tonic ‘c’ or phonic ‘@, and
presents his results in a series of four tables. Table A shows the relation of
tonic systems to tonic ‘c’. Table B, its dual, shows the relation of phonic
systems to phonic ‘?’. Table C compares tonic ‘c’ with the antinomic
phonic systems, and Table D compares phonic ‘& with the antinomic tonic

systems. Tone-systems may be related in one of two ways: If they possess
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identical chords, their relation is parallel. If they possess opposite chords,
their relation is reciprocal. For any given system, there are twelve
homonomically related systems and twelve antinomically related systems.
Example 2-12 reproduces Table A, which shows the “Tonic-to-Tonic
Relationship” (Tonisch-tonische Verwandschaft) with tonic ‘c’ serving as
the reference point. The closest and most trivial relation to tonic ‘c’ occurs
at 0, the table’s midpoint, where tonic ‘c’ is compared with itself. The next
closest relations are at 1 and I, where Oettingen compares tonic ‘c’ with
tonics ‘f’ and ‘g’. Tonic-tonic relations become more remote as Oettingen
cycles through the series of fifths. If two systems possess identical chords,
the sign ‘=" denotes parallel relation and shows the chords that are
common to both systems. If two systems possess opposite (gegensitzlich)
chords, the sign ‘x’ denotes reciprocal relation and shows the chords that
are opposites. Oettingen sometimes calls reciprocal systems Wechsel
systems. Arabic numbers 1-7 of Table A compare fifth-related tonic
systems on the Unterdominante side of tonic ‘c’; Roman numerals I-VII
compare fifth-related tonic systems on the Oberdominante side. Oettingen
uses heavy and light horizontal lines to underscore the significance of
chords to their systems. Heavy lines indicate Hauptklinge and light lines
indicate Nebenklinge. In tonic systems, Hauptklinge are major chords
and Nebenklinge are minor chords. (The opposite holds in phonic
systems, where the Phonica and its Regnante are minor and the antinomic

Unterterz and Leitklang are major).
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EXAMPLE 2-12: OETTINGEN’S TABLE OF TONIC-TONIC RELATIONSHIP
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At 1/1 of Example 2-12 there are three parallel cherds {two Hauptklinge
and one Nebenklang). At 2/1 there is just one parallel chord. The double
lines between 2/3 and II/III are the boundary at which parallel relations
give way to reciprocal ones. At 3/III tonic ‘c’ shares no identical chords
with tonics ‘eP” and ‘@, but there is a reciprocal relation in each case. The
systems 3-7 and HI-VII all possess reciprocal relations with tonic ‘c’, and
are therefore Wechsel systems. Reciprocal relations initially increase as
one moves away from the central system, but then diminish—4/IV and
5/V each have two reciprocal chords, but 6/ VI has just one and 7/ VI has
none at all. Oettingen establishes new reciprocal connections at 6/ VI and
7/ VI, however, through enharmonic change. By changing ‘g’ to ‘F* at 6
and ‘c? to ‘b’ at 7, he opens up tone-systems that bear a relation to tonic ‘c’.
Enharmonic relations at VI and VII open up analogous systems. There are
two points to be made about these enharmonically related systems. First,
they are acoustically similar but not equivalent. Second, by invoking
them Oettingen closes the cycle of homonomic systems related to tonic
‘c’—through enharmonic change, the systems considered at 5, 6, and 7 are
identical to those at VII, VI, and V. By closing the cycle, Oettingen restricts
the “chaos of possibilities” to what is at least a manageable system of
systems. All together, Table A shows that twelve homonomic systems are
related to tonic ‘c’: Five are parallel systems (Oettingen counts the self-
identity relation at 0), and seven are reciprocal or Wechsel systems.

Several observations may be made from Table A, which will save us
from discussing Table B and simplify our discussion of Tables C and D:

1) Parallel relations are stronger than Wechsel relations between
homonomic systems (whether the tonic-tonic systems of Table A or the

phonic-phonic systems of Table B).
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2) No systems can be related through both parallel and reciprocal chords.
3) A Hauptklang remains a Hauptklang between parallel systems—the
Tonica of ‘'c’ is the Unterdominante of ‘g’ and the Oberdominante of ‘f’;
Although the Oberdominante and Unterdominante systems are
equidistant from tonic ‘c’, tonic ‘f’ is closer than tonic ‘g’ to ‘c’.

4) A Nebenklang becomes a Hauptklang in Wechsel systems and vice-
versa. This shift of significance is one reason that Wechsel systems are
more remotely related than parallel systems to the central tonic or phonic
system.

5) Whenever Hauptklinge become Nebenklinge the relation between
homonomic systems is stronger than when the opposite occurs. The
Wechsel systems at 3-7 are therefore more closely related to tonic ‘c’ than
those at III-VII.

Like Tables A and B, Tables C and D are also symmetrically related.
Since QOettingen is comparing antinomic systems in these tables, some of
the above observations must be reversed here:

1) Wechsel relations are stronger than parallel relations between
antinomic systems (whether the tonic-phonic systems of Table C, or the
phonic-tonic systems of Table D).

2) A Hauptklang remains a Hauptklang between Wechsel systems.
Reciprocal relations are therefore much stronger between antinomic
systems than between homonomic systems.

3) A Nebenklang becomes a Hauptklang in parallel systems and vice-

versa.
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A finite “field of pitches” (Bereich der Tone) emerges from the tone-
system relations expounded in Tables A-D. This field represents a sort of
aggregate collection, consisting of all pitches belonging to the systems
related to tonic ‘c’ and phonic ‘€, and is presented by Oettingen in the form
of the Table. Example 2-13 presents Oettingen’s field of pitches in tabular
form. The field is a closed system and in this respect is unlike the Table in
Example 2-5. No pitch outside its boundaries bears a relation to tonic ‘c’ or
phonic ‘€’; indeed, those within its first and last columns occur only in
systems with the most tenuous relation to tonic ‘c’ and phonic ‘€’. The
field effectively shrinks the Table to manageable size, yet there are still
many enharmonic relations among its elements. Each series ends with a
pitch enharmonically related to the first pitch of the next series, and the
entire top series is enharmonically related to the bottom series. In much
music the field would have to be considerably widened to include the

overlapping fields of other tone-systems.

EXAMPLE 2-13: OETTINGEN'S “FIELD OF TONES”

Bereich der Tone.
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Example 2-14 segments the tonal field to show which systems are
related to tonic ‘c’ and which are related to phonic ‘€’. Here letter names
refer not to specific pitches, but to entire tone-systems. Together the four
segments synopsize the information of Tables A-D in an easy-to-read, if
less detailed, format. The upper left and right segments abbreviate Tables
A and B, and Tables C and D are represented by the lower left and right
segments. In each segment, the central system is highlighted among its
homonomic or antinomic relations. Bracketed systems stand at what
Oettingen calls the “limit of direct relation,” possessing common tones

with each of the central systems, but no parallel or reciprocal chords.

EXAMPLE 2-14: SEGMENTING THE “FIELD OF TONES”

Homonome Systeme:

Tonisch ¢ mit Tonisch: Phonisch ¢ mit Phonisch:
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Antinome Systeme: |

Touiisch «¢ mit Phonisch: Phonisch ¢ mit [Tonisch:
ez e | e nsse | =) ] — [
,(ﬁi) (a-.)l A (g)! Tl 'E-:_'[ FI‘ Je {tem
@|T|T|T |7 [@w @) vis e gl

s rfef sl d|@ e don) o ©)]

The four segments of Example 2-14 overlap and may be presented as
one comprehensive table. Oettingen presents such a table so that readers
may convince themselves of “the perfect symmetry that is operational

here.”34 Because this table, shown in Example 2-15, represents

34 Qettingen, 176.
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homonomic and antinomic relations, some elements will have as many
as four meanings. For example, ‘g’ may be understood as antinomic to
tonic ‘c’, homonomic to phonic ‘€', antinomic to phonic ‘@, or
homonomic to tonic ‘c’. The larger brackets on either side of the table
express these possibilities. Parentheses are used as before to represent the

tenuously related common-tone systems.

EXAMPLE 2-15: COMPREHENSIVE TABLE GF TONE-SYSTEM RELATIONS

Antino:n verwawndt N A i llemonem: verwandt
st r(-ﬂ (o) | s | gia | dia | wis l wit
— e ] e -
tom. ¢ J @ T e T | Th | s () phoa. ¢
phos. 7 el s fr|efsla (-)I. ten. ¢
| |eejdsjeiai®i)

Example 2-15 does not show the parallel and reciprocal connections
that bind related tone-systems to tonic ‘c’ and phonic ‘e’. Tables A-D show
such connections but, unlike Example 2-15, must represent homonomic
and antinomic relations separately. Example 2-16 preserves the details of
parallel and reciprocal relation between tonic systems, but in a format
slightly different from the one given in Example 2-12. Tonic ‘d’ is the
central system in Example 2-16, and its five consonant chords are listed in
the top horizontal series. Hauptklinge are given in large type (‘g’, ‘d’, and
‘a’), and Nebenklinge in smaller type (fis = b—d-f¥, and cis = f#~a—c¥).
Example 2-16 provides a bird’s-eye view of homonomic systems related to
tonic ‘d’, but shows also the manner of relation. The columns beneath the

five tonic ‘d’ chords each list five homonomic systems in which the
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Hauptklidnge occur, identically (i) or reciprocally (x). The significance of
the chord to the related system is given in the far left column. When one
of the five chords appears as a subsidiary form (Nebengebilde) in a related
system, the name of that system appears in small type. The first column of
Example 2-16 would be read as follows: The chord g-b-d appears
identically in tonic ‘d’ as Unterdominante, reciprocally in tonic ‘e as
Terzklang, identically in tonic ‘g’ as Tonica, reciprocally in ‘a? as Leitklang,
and identically in tonic ‘c’ as Oberdominante. Notice that the Hauptklinge
of tonic ‘d’ each occur identically in three homonomic systems, and
reciprocally in two homonomic systems. The Nebenklinge each occur
reciprocally in three homonomic systems, and identically in two
homonomic systems.35 Oettingen gives analogues of Example 2-16 to

Tables B, C, and D, but with tonic ‘c’ and phonic ‘@ as the central systems.

EXAMPLE 2-16: HOMONOMIC SYSTEMS RELATED TO TONIC ‘D’

Homonome Verwandtschaft.
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35 There are some errors in Example 2-16: Chords band es in column 3 are reciprocal (x)
relations, as is the unmarked chord gis in column 4.
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The tone-systems represented in Example 2-16 belong to three different
fifth-series. If one imagines a Table of Relations centered on pitch ‘d’,
these series are:

1) the central series (...g—d-a...)

2) the upper third series (...b-f#—c¥..)

3) the lower-third series (...eb-bb-f..)
These three fifth-series are interlocked in Example 2-16. In rows 1, 3, and
5, elements of the central and upper-third series alternate. In rows 2 and 4
elements of the central and lower-third series alternate. QOettingen
concludes his discussion of tone-system relations by extending the
interlocking series of Example 2-16 herizontally and vertically, to yield one
large Table that captures the homonomic and antinomic relations of
Tables A-D. Tonic and phonic ‘d” are again the central systems. This table
is reproduced in Example 2-17. Section I shows the relation of all tonic
systems with tonic ‘dt? (tt = tonic-tonic). Section II shows the relation of
all phonic systems with phonic ‘dPP’ (pp = phonic-phonic). Sections Il
and IV show the relation of phonic systems with tonic ‘dtP’ and tonic

systems with phonic ‘dPt’ (tp = tonic-phonic; pt = phonic-tonic).
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EXAMPLE 2-17: TABULAR SUMMARY OF TONE-SYSTEM RELATIONS
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2.10 Summary of Tone-System Relations

The relation between tone-systems is determined by parallel and
reciprocai chords. When one or more chords occur identically in two
systems, the systems are called parallel systems. When one or more
chords occur oppositely in two systems, the systems are called Wechsel
systems. The degree of relation between parallel or Wechsel systems
depends on both the number of parallel and reciprocal chords, and their
significance as either Hauptklinge or Nebenkldnge. In tonic systems the

Hauptklinge are Tonica, Oberdominante, and Unterdominante; the
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Nebenklinge are the Leitklang and Terzklang. In phonic systems the
Hauptklinge are Phonica, Unterregnante, and Oberregnante; the
Nebenklinge are the Leitklang and Unterterzklang. These terms describe
chordal derivation, not function: Oettingen does not present a tonal
syntax to regulate the progression of Hauptklinge and Nebenklinge. He
presents a theory of chordal connection instead, where chords are
transformed into adjacent chords on the Table through transposition
(homonomic Quintschritt), inversion (antinomic Wechsel), or a
combination of both (antinomic Terzschritt and Leittonschritt). The path
between remote (nonadjacent) chords is mediated through series of
transformations; the gap between remote tone-systems (systems sharing
no adjacent chords) is bridged by parallel- or Wechsel-related systems.

Parallel relations bind homonomic systems most intimately. The
closest homonomic relations are those in which Hauptklinge of the
starting system remain Hauptklinge, as in systems 1/I and 2/1 of Example
2-12. The next closest relations are those in which Hauptklinge of the
starting system become Nebenklinge, as in systems 3 and 4 ( but not IIl and
IV) of Example 2-12. In antinomic systems, however, reciprocal relations
determine intimacy. The closest relations are those in which Hauptklinge
of the starting system are reciprocal to Hauptklinge of the related system.
Next closest are those in which Hauptklinge of the starting system are
reciprocal to Nebenklinge of the related system. A weaker relation obtains
when Nebenklinge of the starting system are Hauptklinge in the related
system, and the relation is even weaker when Nebenklinge remain
Nebenklidnge. The most tenuous relation is the common-tone relation,
where homonomic or antinomic systems have one or two tones in

common but no parallel or reciprocal connections.
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Example 2-15 does not make explicit the relation between tonic ‘c’, tonic
‘g’, and phonic ‘€. Is ‘g’ closer to ‘'c’, or is phonic ‘€’? Tonic ‘g’ is in fact
closer, though it has fewer chords in common with ‘c’, because the
Hauptklinge of ‘c’ remain Hauptklinge in ‘g’ (see Example 2-12) but
become Nebenkldnge in phonic ‘€. On the other hand, Example 2-15
clarifies relations that are obscure in Tables A-D. Since the four tables
cycle mechanically through series of fifths, the relation of enharmonic
systems to the central system is always somewhat unclear. In Example
2-12, for example, the implied relation of tonic ‘c’ to tonic ‘b’ through a
series of five fifths (tonic ‘D’ is system V) hides the much closer relation of
these systems through the Leitklang of ‘c’, whose reciprocal is the Tonica
of ‘b’. This directness is captured nicely in Example 2-15, as are the
relations of tonics ‘@', ‘€, ‘dP, ‘a?’, and ‘e? to tonic ‘c’. Oettingen considered
it a great theoretical advance to distinguish fifth relations from third
relations—’e” from ‘@’—a distinction that remained hidden in theories
based on equal temperament. In Harmoniesystem, third-relations
received their due and the whole notion of direct harmonic relationship
was broadened to include chords and tone-systems that occupied fairly
remote positions on the circle-of-fifths. Oettingen was convinced that in
new music as well as old, modulation had always been based on parallel
connections between fifth-related systems, and reciprocal connections
between third-related systems. The Table of Relations allowed him to

express both dimensions of his dualistic harmonic conception.
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CHAPTER 3: MUSICAL LOGIC AND MUSICAL SYNTAX: TWO PARADIGMS
OF HARMONIC FUNCTION

3.1 Introduction

Riemann’s most enduring contribution to music theory was his theory
of harmonic functions. This took many years to work out, and was
unfinished in some respects when he died, but in one sense or another
harmonic function stood behind all Riemann’s inquiries into the tonal
structure of music. The goal of this chapter is to define two senses in
which harmcnic function informed Riemann’s work, and to establish a
connection between one of these and the Table of Relations. The two
senses of harmonic function we shall call “categorical” and “chordal.” The
categorical sense was associated with Riemann’s concept of musical logic,
and had as its paradigm a chord progression known as the grofie Cadenz.
The chordal sense was associated with Riemann's concept of musical
syntax, and had as its paradigm the Table of Relations. Categorical
function distinguishes between chords and chordal function; a tonic
function, in the categorical sense, is not the same as a tonic chord. Chordal
function makes no such distinction; tonic chords and functions are for
practical purposes identical. Function-as-category and function-as-chord
were often confused by Riemann, but we shall claim there was a gradual
shift away from the grofie Cadenz and toward the Table of Relations in

Riemann’s early period.1

1 See Elmar Seidel, “Die Harmonielehre Hugo Riemanns,” in Beitrige zur Musiktheorie
des 19. Jahrhunderts, ed. Martin Vogel (Regensburg: Gustav Bosse Verlag, 1966), 43-61.
Seidel divides Riemann'’s career into early (1872-77), middle (1877-1909), and late (1909-
19) periods. We depart slightly from this scheme by considering the essay “Die Natur der
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Three early works will serve our goal: the predissertation essay
“Musikalische Logik” (1872); the dissertation “Ueber das musikalischen
Horen” (1873);2 and the second published treatise Musikalische Syntaxis
(1877).3 “Die Natur der Harmonik” (1882) will be treated briefly, and
Skizze einer neuen Methode der Harmonielehre (1880), the sole
practical work of Riemann’s first period, will be deferred to Chapter 5.
Though we are concerned with speculative theory in this chapter, we
should stress that speculative and practical issues are not always easy to
separafe in Riemann. Refinements made to the Table in Riemann’s
pedagogical works grew out of early speculative work and, in turr,
spawned Riemann'’s later speculations in “Ideen zur einer Lehre von den

Tonvorstellungen” (1914/15).

Harmonik” (1882) among Riemann’s early works, which were generally more speculative
than pedagogical in outlook.

2This work has a complicated history: It was rejected as a dissertation at the University
of Leipzig by M. W. Drobisch and Oscar Paul, but accepted at Gottingen under the title
“Ueber das musikalischen Horen” (Ph.D. diss., University of Gottingen, 1873). The work
was published under this title by Vandenhoeck & Ruprecht (Gottingen, 1874) and F. Andra
(Leipzig , 1874); and by C. F. Kahnt (Leipzig, 1874) as Musikalische Logik: Hauptziige der
physiologischen und psychologischen Begriindung unseres Musiksystems. Riemann
incorporated parts of the essays “Musikalische Logik: Ein Beitrag zur Theorie der Musik”
(1872) and “Ueber Tonalitat” (1872) into the dissertation (see Chap. 2, n. 5).

3 Riemann, Musikalische Syntaxis: Grundrifi einer harmonischen Satzbildungslehre
(Leipzig: Breitkopf und Hartel, 1877). Riemann’s “Neue Schule der Harmonik” and
“Musikalische Grammatik” were completed between 1874 and 1877. Both were conceived as
pedagogical counterparts to the earlier works, but neither was published and the
manuscripts were eventually destroyed.
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3.2 An Overview of the Early Works

Riemann’s early works are not usually thought of in connection with
harmonic function. All of them antedated the Funktionbezeichnungen
(function symbols) introduced in Vereinfachte Harmonielehre (1893), yet
all were decidedly caught up in issues of functionality. Whether these
issues concerned the logical meanings of chords, their syntactical
connections, or their psychological Vorstellungen (representations),
Riemann was grappling with problems of function and working out
solutions that heralded his mature function theory.

Of the early works, the Table of Relations appeared only in “Ueber das
musikalische Horen” and “Die Natur der Harmonik.” It was presented in
a footnote in the dissertation, and treated superficially in comparison with
the earlier treatment by Oettingen. Rieménn’s commentary suggested a
nominal acceptance of just intonation, not because it was simpler or more
pure, but because it underscored functional distinctions between pitches
with the same letter name. The symmetry of the Table possessed more
obvious appeal, since it captured the dualistic relations that ensued from
his “kleine Hypothese” of harmonic undertones. Riemann focused,
however, on pitch relations and largely ignored the “dussere Dualitat” of
chordal and key relations. If the Table seemed a mark of pedigree at this
stage—Riemann’s way of saying he was au courant with recent music
theory—this assessment became harder and harder to maintain. By the
end of Riemann’s early period, one’s sense is that the Table was no
ornament in “Ueber das musikalische Horen,” but a harbinger of

theoretical change.
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Riemann moved forward with greater independence after the
dissertation. He continued to acknowledge the work of Rameau,
Hauptmann, Helmholtz, and Oettingen, but did not persist in his earlier
attempts to reconcile the approaches of these theorists. He began to
withdraw in particular from Helmholtz and Hauptmann—the most
esteemed of his Vorfahren—and to ally himself with Oettingen, to whom
he dedicated Musikalische Syntaxis. The significance of this dedication
must be quaiiﬁed, for Riemann omitted the Table from Musikalische
Syntaxis and rejected both the phonic system and just intonation.* It was
Oettingen’s theory of chord connection that interested him. This offered a
concrete yet flexible means for relating chords, and was more practical
than the dialectical system proposed by Hauptmann. For better (and for
worse), Riemann initiated a process in the late 1870s that led to a chordal
conception of harmonic function (see Ex. 3-1 below). The shift from
function-as-category to function-as-chord was underway.

When the Table resurfaced in “Die Natur der Harmonik” it modeled
not only Riemann’s dualism, but also the syntactical view of chord
relation expounded in Musikalische Syntaxis. It was reinvented to
conform with other changes as well, including a revised view of harmonic
third relations and an explicitly psychological conception of tonality.
Riemann’s relation of tonality to the Table invested it with the directional

force that was lacking in Oettingen’s earlier treatment.

4 Riemann, M usikalische Syntaxis, viii. Concerning intonation, Riemann writes: “Pure
tuning is unnecessary, since interpretation actually accommodates itself excellently to
tempered relations.” [Nothig ist die reine Stimmung nicht, da sich faktisch unsere
Auffassung mit den temperirten Verhiltnissen vortrefflich abfindet.]
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3.3 Mapping Dualism and Function: The Tonnetz

Our claim that the Table modeled both dualism and function
contradicis recent scholarship, which has maintained these were opposed
rather than complementary principles for Riemann.> The connection
between dualism and function should come as no surprise, since the basic
moves within Oettingen’s dualist-transformational model—moves
intimately connected with the Table—supplied the harmonic relations at
the core of Riemann’s function theory. Perhaps the connection has been
overlcoked because the Table itself has been overlooked, or misread to
show inconsistency where none exists. Part of the blame belongs to
Riemann for not spelling out the Table’s relation to harmonic function,
and for failing to distinguish the chordal aspects from the categorical ones.

In claiming that the Table is related to chordal harmonic function, we
shall want to claim that Riemann’s harmonic conception was more
transformational than Vereinfachte Harmonielehre and later works
indicate. There was tension between the concepts of dualism and
function, and the Table did not convey functional-hierarchical
relationships as accurately as dualistic ones, but Riemann clearly intended
it to model both aspects of his theory. The evidence for this lies chiefly in
his development of Funktionsbezeichnungen that were congruent with
the Table’s geometry. Renate Imig has characterized the Table as a
Tonnetz (tonal network), and shown the intimate relationship between its

structure and Riemann’s function symbols. We reproduce Imig’s

5 See David Bernstein, “Schoenberg Contra Riemann: Stufen, Regions, Verwandschaft, and
the Theory of Tonal Function,” Theoria 6 (1992): 23-53.
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Tonnetz in Example 3-1 so that readers may gain an immediate sense of

the correspondence between harmonic function and the Table.6

EXAMPLE 3-1: IMIG'S TONNETZ
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We assume our readers will understand at least the basic relations in

Example 3-1. The nearness of relation between Hauptklinge (T, S, and D),

© Renate Imig, Systeme der Funktionsbezeichnung in den Harmonielehre seit Hugo
Riemann, Orpheus-Schriftenreihe zu Grundfragen der Musik, vol. 9 (Diisseldorf:
Gesellschaft zur Férderung der systematischen Musikwissenschaft, 1970), 258.
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Hauptklinge and their Parallele (T-Tp; S-Sp; D-Dp), and Hauptklinge
and their Leittonwechselklinge (T—<T,; S—<S; D—<D), is given visual form
within a structure that also shows the dualistic relation between major
and minor chords: Function and dualism coexist in a complementary
manner that is clarified rather than obscured by the Table.” To be true to
the Table, Riemann should have posited Hauptklinge corresponding to
AP major and E major; these chords stand in the same geometrical relation
to C as do the subdominant and dominant. Riemann should have
acknowledged direct third relations, in other words, just as he
acknowledged direct fifth relations. Later he did consider expanding the
Funktionbezeichnungen to include such relations, proposing the symbol
3+ for the major Hauptklang built on the mediant, and III+ for the major
Hauptklang built on the minor submediant. The addition of fourth and
fifth “harmonic pillars” would have placed the Table’s vertical relations
on a par with its horizontal ones. Unfortunately, Riemann died before he
could assimilate these ideas into his theory.

The relation between the Table and music psychology is worth
mentioning here. Riemann placed much stock in what he called the
“tonal imagination” of listeners, and Tonvorstellung was the backbone of
his harmonic theory by the early 1880s. To the extent that the Table
modeled this theory, one may assume it modeled aspects of Riemann'’s

music psycholegy as well. Chapter 4 examines the Vorstellung concept in

7 For typographical convenience, we write Wechsel signs ‘< and ‘>’ beside function symbols
rather than through them (i.e. <T and T> rather than %and ¥). Further discussion of
Funktionbezeichnungen is deferred until Chap. 5, where we shall take them up in
connection with works from Riemann’s middle and late periods.
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depth, but we shall begin to discuss it in this chapter since the idea was

resent in Riemann’s earliest work.
P

3.4 Harmonic Function: Category or Chord

What is harmonic function? Riemann adumbrated a definition of
sorts in 1893 when he spoke of harmonic “significance within the key”
and asserted tonic, dominant, and subdominant, as “the only three kinds
of tonal functions.”8 But he never probed the relation between chord and
function as deeply as he should have, and left behind a theory whose tonal
functions double unhappily as chords. This has troubled recent scholars,
most notably Dahlhaus (1967), who faults Riemann for not distinguishing

consistently between chord and function:

The metaphor “main pillar” [Hauptsdule], of which it is
uncertain whether it implies “function” or “chord,” conceals
an irresolvable difficulty in Riemann’s formulation of the
theory of functions. Riemann leaves undecided the question
of whether “tonic,” “dominant,” and “subdominant” are
terms for chordal scale degrees or for functions. The
difference between appearance and significance, between
what is presented and what is represented, is left up in the
air.?

8 Riemann, Harmony Simplified, 9.

9 Carl Dahlhaus, Untersuchungen iiber die Entstehung der harmonischen Tonalitit
(Kassel: Barenreiter-Verlag, 1967), 42; trans. Robert O. Gjerdingen as Studies on the
Origin of Harmonic Tonality (Princeton: Princeton Univ. Press, 1990), 50. [Die Metapher
‘Hauptsaule’, von der nicht festseht, ob sie ‘Funktion’ oder ‘Akkord’ bedeutet, verdeckt eine
Schwierigkeit, die in Riemanns Formulierung der Funktionstheorie unaufhebbar ist.
Riemann 1488t es unentschieden, ob “Tonika’, ‘Dominante’, und ‘Subdominante’
Bezeichnungen fiir Akkordstufen oder fiir Funktionen sind. Die Differenz zwischen
Erscheinung und Bedeutung, Prasentem und Reprasentiertem, wird in der Schwebe
gehalten.]
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The ambiguity that Dahlhaus describes was the result of Riemann's
equating concrete chords (or scale degrees) with abstract categories such as
tonic and dominant. Riemann’s symbol T stands for “tonic function” but
also for the major triad whose root is “I” of the prevailing key. Chords
obviously express harmonic functions in the sense that C~-E-G expresses T
in C major, but chord and function are not thereby equivalent. C-E-G is
no more tonic than A-C-E, E-G-B, or any other combination of pitches
that might be heard in C major. Function points toward the behavior of
chords—their “attitude” Hauptmann would say—not their material
content. It follows that function symbols cannot be made to do the work
of roman numerals or figured-bass notation without undermining their
sense as function symbols. To the extent that Riemann wanted it both
ways, his symbols were caught in a limbo between fundamental bass and
Hauptmannian dialectic, between strict denotation and fairly liberal
connotation. The chord-versus-category distinction is useful because it
lets us group diverse chords functionally and—as context often
demands—assign different functions to single chords. Riemann'’s theory
accommodates a legion of chords but specifies just three harmonic
functions. How was it possible for such apparently distinct concepts as
chord and category to have coalesced in his mind? One answer lies in the
historical relationship between Stufe (scale degree) tlizory and the theory

of harmonic functions.
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The now common practice of using roman numerals to denote chordal
Stufen was the innovation of Vogler (1802),10 but owed its initial and
widest dissemination to Weber’s popular Versuch (1817-21).11 Hindsight
shows us that Stufe theory—as advanced by Vogler and Weber, and
refined by Sechter and Schenker—appealed to Austrian theorists, whereas
function theory appealed to Germans.12 This generalization reflects real
differences between Austrian and German musicians in the nineteenth
century, but obscures historical continuities that met in Riemann’s work
and accounted for his readiness to identify scale degree with function.

Riemann did not believe that roman-numeral analysis (which he
credited to Weber) was essentially different from functional analysis. Both
used abstract symbols to describe chords, and the differences between these
methods were of degree rather than kind. Nearly a decade after the debut
of the theory of harmonic functions Riemann wrote that his “designation
of tonal functions was nothing more than a simplification, elaboration,
and deepening of Weber’s Stufenziffern.”13 It made sense for him to
identify S, D and T with Weber’s IV, V, and I, because these scale degrees

10 Abbé George Joseph Vogler, Handbuch zur Harmonielehre und fiir den General baf,
nach den Grundsitzen der Mannheimer Tonschule (Prague: Karl Barth, 1802). Roman
numerals appear in chap. 6, “Karaktere der Harmonien und Ausweichungen,” 111-12.

11 Gottfried Weber, Versuch einer geordneten Theorie der Tonsetzkunst zum
Selbstunterricht mit Anmerkungen fiir Gelehrtere, 3 vols. (Mainz: B. Schott, 1817-21); 3d
rev. ed., 4 vols. (Mainz: B. Schott's Schne, 1830).

12 See Robert Wason, Viennese Harmonic Theory from Albrechtsberger to Schenker and
Schoenberg (Ann Arbor: UMI Research Press, 1985).

13 Hugo Riemann, “Zur Reform der Harmonie-Lehrmethode,” in Priludien und Studien,
vol. 3 (Leipzig: Hermann Seeman, 1901), 47-68. The full reference reads (p. 64): “Wie
meine Bezifferung iiberhaupt als eine Weiterbildung der Weberschen, mit prinzipieller
Hineinarbeitung des dualen Prinzips (Zarlino, Tartini, Hauptmann, v. Cettingen)
anzusehen ist, so ist auch die in meinem neuesten Buche (Der ‘Vereinfachten
Harmonielehre’) angewandte Bezeichnung der toralen Furktionen nichts anderes als eine
weitere Vereinfachung und doch zugleich Erweiterung und Vertiefung der Weberschen
Stufenziffern.” For the relation between Riemann and Weber, see Imig, 22-28.
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conventionally expressed those functions. This is not to say that
harmonic function was restricted to triads built on IV, V, and I. The
Leittonwechselklinge and Parallelklinge, built variously on I, III, VI, and
V11, were functional, as were more dissonant formations built on IV, V,
and I. But all of these chords derived functionality from within a system
that assumed IV, V, and I were archetypes and somehow interchangeable
with S, D, and T.14

Riemann never explained his motive for grafting scale degree to
function in this manner. Probably it was pedagogical. The appeal of a
theory that was up-and-running (and selling textbooks), stood in contrast
with earlier dead-end efforts to treat function categorically (see 3.5-3.7).
However, Riemann’s reduction of S, D, and T to a kind of scale-degree
logic came at a price. Functional categories were well-suited to the analysis
of nineteenth-century music, where conventional relations between scale
degree and function were often dismantled. Roman-numeral analysis
confronts this repertoire poorly, in part because diatonic Stufen can drift
out of phase with perceived S, D, and T functions. Example 3-2 illustrates
such phase-shifting over three versions of the Grail motive from Parsifal.
Lewin (1984) uses this example to argue that “the nature and logic of
Riemannian tonal space are not isomorphic with the nature and logic of

scale-degree space.”15

14 gee Dahlhaus, Studies on the Origin of Harmonic Tonality , 50. Dahlhaus makes
this point when he says that “the theory of harmonic functions is a rigorous theory of
fundamental progressions in which the number of degrees shrinks to just three (1, IV, V).”
15 David Lewin, “Amfortas’s Prayer to Titurel and the Role of D in Parsifal: The Tonal
Spaces of the Drama and the Enharmonic CP/B,” 19th-Century Music 7/3 (1984): 345.
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EXAMPLE 3-2: LEWIN’S ANALYSIS OF THE GRAIL MOTIVE FROM PARSIFAL
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A diatonic statement is given in 3-2a, followed by chromatic variants in
3-2b and 3-2c. By scale-degree space Lewin means the diatonic intervals
between scale degrees in AP major. Chromatic notes are alterations of
diatonic ones with the same letter name: Eb, Ebb Ebbb, .. are all versions of
“V”, likewise Ab-Eb, Ab~Ebb, and Ab-Ebbb are all “fifths.” By Riemannian
space Lewin means the functional intervals between chords. Lewin
expresses the intervals of scale-degree space with numbers—2 and 3 for
species of second and third—and those of Riemannian space with
function symbols. The prototype Grail motive in 3-2a prolongs Eb, and the
relation between scale degree and function is conventional: EP expresses
the function D, Ab expresses the function (S)D, and so on. Convention is
skewed in 3-2b, which preserves the scale-degree space of 2a but not the
Riemannian space. An attempt to carry over the functions of 3-2a
demonstrates the out-of-phaseness: Abb in m. 1 coincides with D not S;

Ebbb in m. 3 coincides with S not D. In functional terms, 3-2a prolongs D
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and 3-2b moves from D to S. Example 3-2c captures the D-to-S-ness of 3-2b,
but distorts scale-degree space in the process.

Lewin’s point requires careful wording. The scale degrees of Examples
3-2a and 3-2b do not support different functions. Nor do the functions of
3-2b and 3-2c support different scale degrees. Scale degree and function
coexist independently in these examples. Such coexistence may take
different forms, but whether it is conventionai (3-2a) or not (3-2b) the
intervallic relations in each space are intrinsically different. Lewin says
that the “objects and relations that Riemann isolates and discusses are not
simply the old objects and relations dressed up in new packages; they are
essentially different objects and relations, embedded in an essentially
different geometry.”16 Ebb in 3-2b does not express D; yet it does not
express S either, since it does not exist in the Riemannian space of
Example 3-2c. The corollary DP in 2¢ expresses S but does not exist in the
scale-degree space of 3-2b. Though 3-2b and 3-2c sound the same, each
interprets the Grail motive from its own perspective: 3-2b bends
Riemannian space to the scale-degree space of 3-2a; 3-2c bends scale-degree
space to the D-to-S functionality of 3-2b. The effect of the passage lies in
our awareness of both readings, and particularly in the realization that the
scale-degree relations of 3-2a are somehow accompanied by new functions.
The acoustic identity (not enharmonic equivalence) of 3-2b and 3-2c allows
Wagner to realign the domains of scale degree and function, to “shift

space” in effect.

16 Lewin, “Amfortas’s Prayer,” 345 (author’s italics).

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



108

Lewin’s “Riemannesque” analysis sheds light on tonal effects such as
this, by separating scale degree and function. That Riemann did not
appreciate or exploit such separation is the paradox at the heart of Lewin’s
observation that the “virtue and power of Riemann function theory,
which is also the source of its problems and difficulties, is precisely its
ability to avoid assigning letter names (i.e., implicit scale-degree functions)
to its objects.”17 By conjoining scale degree and function Riemann

converted an inherent strength of his theory into a perplexing weakness.

3.5 Musical Logic and “Musikalische Logik”

Our critique has thus far shortchanged Riemann'’s earliest work, which
did attempt to treat function categorically. In the next several sections we
shall examine the harmonic ideas set forth in “Musikalische Logik” and
“Ueber das musikalischen Hoéren.”

The word Funktion does not occur in the essay “Musikalische Logik,”
which was published pseudonymously one year before Riemann
presented his dissertation at Gottingen. Nor does it occur in the
dissertation “Ueber das musikalischen Horen,” which introduced the
ideas of Tonvorstellung and harmonic undertones. One misses the word
in both places, since it is these works that uphold the idea of harmonic
function in its purest sense. Instead of function, Riemann repeatedly
invoked the phrase “musical logic.” The word “logic” has a syntactical
sense that brings Oettingen to mind, but musical logic was in fact a

reference to Hauptmann’s metaphysical concepts of Octaveinheit (octave

17 Lewin, “Amfortas’s Prayer,” 344.
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unity), Quintentzweiung (fifth division), and Terzeinigung (third
unification).1® Riemann interpreted these concepts functionally and
renamed them thesis, antithesis, and synthesis. By applying these terms to
cadential archetypes, he determined the functional significance of
chords—whether they were thetic, antithetic, or synthetic—and their
logical succession in musical structures. Musical logic was a dialectical
logic.

Riemann believed however that musical logic was rooted in laws of
human psychology and perception. Function was not merely taxonomic,
it was interpretive and tied to innate mental processes. Musical logic (and
music by extension) was a kind of sounding template of the mind.
Riemann’s technical knowledge of perception came almost entirely from
Helmholtz, whose Lehre von den Tonempfindungen had
singlehandedly established the field of psychoacoustics and placed music
theory on unprecedented scientific footing. In the first part of this great
work, Helmholtz expounded the physiological process of perception.
These ideas were the springboard for Riemann’s own views, which
diverged considerably from Helmholtz’s.1? One difference apropos of
musical logic was Riemann’s emphasis on the active-comparative nature

of perception as against Helmholtz's essentially passive view. Riemann

18 Hauptmann (pp. 21-32) used a variety of terms for the three stages of his dialectic:
Quintbegriffand Quintzweiheit are altervatives to Quintentzweiung, and all three
express Zweiheit (duality) or Trennung (separation); Terzbegriffand Terzeinigung likewise
express Einheit der Zweiheit (union of duality) or Verbindung (union). The terms thesis,
antithesis, and synthesis, though commonly associated with Hauptmann, do not occur in his
text.

19 Hermann von Helmbholtz, Die Lehre von den Tonempfindungen als physiologische
Grundlage fiir die Theorie der Musik. Braunschweig: Fr. Vieweg & Sohn, 1863; trans. A.J.
Ellis from the 4th German ed. (1877) as On tite Sensations of Tone as a Physiological
Basis for the Theory of Music (London: Longmans, 1875; reprint, New York: Dover, 1954).
Sections 4.2 and 4.3 of the present study outline Helmholtz’s theory of music perception.
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believed that the function of a musical sound was determined by its
relation to other sounds. Because functional judgements were contextual,
they were subject to change. At some point one might compare groups of
sounds—phrases with phrases, periods with periods—instead of
individual sounds. Riemann’s point was that perception does not simply
register detached sounds, but responds intelligently and flexibly to musical
context. Paramount to this conception was, clearly, memory. So was the
idea that listeners were predisposed to hear tonally. Indeed, tonality itself
arose through a mental comparison of sounds, and the attendant desire to
assign primary significance to one of them.20

The musical logic of Riemann’s dissertation years was excellently
suited to his comparative view of music perception: Thesis, antithesis,
and synthesis had no connotation of scale degree and could be applied to
groups of chords as easily as individual chords. They provided a
suggestive and versatile means for expressing general intuitions of
music’s flow through time. Riemann’s attention to both the temporal
aspect of music and higher-level intuitions was characteristic of his work.
Reflecting on his career in 1914, he wrote that the localized “bottom-to-top
[or] inductive method” (“von unten nach oben, die ‘induktiv Methode’”)
of Helmholtz and Stumpf had mired them in “the detail work of
preliminary tone-psychological investigations.” Riemann himself had
opted for a more general “top-to-bottom, [or] deductive method.” (“von
oben nach unten, die ‘deduktive Methode’”).2! His frustration with

traditional music theory was its failure to attend to general musical-logical

20 gee Riemann, “Ueber Tonalitat,” 443-44, 453-54; and Mark McCune, “Hugo Riemann’s
‘Ueber Tonalitat’: A Translation,” Theoria 1 (1985): 132-50.

21 Riemann, “Ideen zu einer ‘Lehre von den T onvorstellung,”” Jahrbuch der
Musikbibliothek Peters 21-22 (1914/15; reprint, Wiesbaden: Lessing, 1965), 1-2.
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principles that explained the temporal succession (zeitlichen
Nacheinander) of musical events and the structural impression left by
those events. The frustration with “detail work” at the expense of general
principles was evident in the opening sentence of “Musikalische Logik,”
where Riemann justified his “génzlich neuen Gesichtpunkt” on the basis
of errors he had often perceived in music—errors of which traditional
“harmony and counterpoint [could] provide no evidence.”22 It will help
to draw attention to some points in “Musikalische Logik” that do not
come through as clearly in the dissertation. The essay appeared in two
installments that were titled “Harmonische Logik” and “Metrische Logik,”
respectively.23 Our comments refer only to “Harmonische Logik,” where
Riemann treated function under the following headings: 1) Cadenz
(cadence); 2) Nebenharmonien (secondary harmonies); 3) Erweiterte
Cadenzen (expanded cadences); 4) Modulation (modulation); and 5)
Quintenverbot (forbidden fifths). Besides the term “function,” there were
no references to harmonic dualism or to the undertone series in this essay.
Nor did the names of Helmholtz or Oettingen appear. Riemann surely
knew the work of these scientists, but “Musikalische Logik” attests the

singular influence of Hauptmann.

22 Rjemann, “Musikalische Logik,” 279. [Die Thatsache, da8 ich oft beim Anhéren eines
Musikstiickes Fehler empfand, wo Contrapunkt und Harmonielehre keine nachweisen
konnten, wurde der Anstof zu den nachfolgenden Untersuchungen, die ein bisher fast
§§nzlich unbebautes Feld urbar zu machen suchen.]

3 On the relation between meter and harmonic function, see William Caplin, “Tonal
Function and Metrical Accent,” Music Theory Spectrum 5 (1983): 1-14.
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3.6 Grofle Cadenz as Paradigm

Under Cadenz Riemann gave a functional analysis of the harmonic
progression shown in Example 3-3.2¢ Referred to as the grofle Cadenz,
this five-chord structure was considered by Riemann to be “der Typus aller
musikalischen Form.”25 Riemann hoped that by interpreting it
functionally. he would then be able to show how the same functions
underlay more complex progressions. He acknowledged the
permissiveness of current practice—Oettingen’s “chaos of possibilities”
was apparently the state-of-the-art—but believed that musical-logical
meaning imposed a “limit” (Schranke) in all music, since the three
harmonic functions were really just characteristic modes of perception.
Despite the renegade impression of modern harmony, there was a deeper
order that Riemann aimed to make explicit. He promised that the “freest
and most complicated harmonic... formations will be seen to derive from

the simplest principle of thesis, antithesis, and synthesis.”26

24 Riemann’s grouping of the cadential six-four with the subdominant is at odds with the
usual reading of this chord as an embellishment of dominant harmony.

25 Riemann, “Musikalische Logik,” 280.

26 Riemann, “Musikalische Logik,” 280.
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EXAMPLE 3-3: THE GROSE CADENZ
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The “simplest principle of thesis, antithesis, and synthesis” was
embodied by the grofie Cadenz. Riemann’s analysis of the progression
assumed general conditions of stability, which he asserted but did not
define: The most stable chord was the initial tonic, which Riemann
analysed as thesis (Hauptmann's Octav- or Einheitsbegriff); the
subdominant and tonic six-four challenged this stability and were thus
analysed as antithesis (Hauptmann's Quintbegriff); the dominant and final
tonic reinstated harmonic stability and were analysed as synthesis
(Hauptmann's Terzeinigung).

Though Riemann and Hauptmann clothed their descriptions of this
cadence in similar language, Riemann’s understanding was quite different
from Hauptmann’s. For Hauptmann, the cadence embodied a conception
of key that was neither perceptual nor even explicitly temporal. The order
of chords was secondary to the fact that “die Tonart von allen Seiten
gezeigt ist.”27 One could say that Hauptmann’s conception was primarily
spatial.28 Riemann was not as aloof from his material, and had no interest

in consigning chords to a sort of metaphysical stasis. The cadence (and

27 Riemann, “Musikalische Logik,” 280.
28 See 2.3 for Hauptmann’s conception of major and minor harmony.
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tonality itself) was emphaticaily temporal: Logical meaning was the
meaning that arose when chords were sounded and heard one after
another.

The most noteworthy feature of Riemann’s analysis was his
assignment of individual functions to pairs of chords. Though the grofe
Cadenz contained five chords, Riemann isolated just three functionally
“hervortretende Momente.” One result of this was that the tonic chord
was assigned a new function for each of its three appearances. Riemann
spoke the language of Hauptmann here, claiming to see the “Quintbegriff
in the second appearance of the tonic, which is set against the
Einheitsbegriff of the first appearance, and which finds its Terzeinigung
once again in a root-position tonic.”2? Interestingly, he altered this passage
in the dissertation, replacing Hauptmann’'s terms with his own These,
Antithese and Synthese, and noting parenthetically that his analysis is not
restricted to Klangempfindung but treats the connection (Verkniipfung) of
individual Vorstellungen by means of “ein geistiges Band.”
Klangempfindungen refer to the harmonic sensations addressed in
Helmholtz's Lehre von den Tonempfindungen, whereas Vorstellungen
are Riemann’s more sophisticated music-psychological representations;
Verkniipfung connotes a logical or systematic connection, and occurs
throughout Riemann’s work in discussions of chord progression. Both

the original and altered versions of Riemann’s text follow:

29 Riemann, “Musikalische Logik,” 280.
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I see in this second appearance of the tonic the Quintbegriff [fn.
these expressions are chosen in connection with Moritz
Hauptmann], which opposes the Einheitsbegriff of the first
appearance and—by means of the Oberdominant—finds its
Terzeinigung again in the root position tonic. This formation is the
archetype of all musical form. (“Musikalische Logik,” 280.)3°

I see in this appearance of the tonic following the Unterdominant,
the Antithese (in the Hauptmannian sense, manifest here according
to my own view that the point of theory is no longer the mere
analysis of Klangempfindung, but rather of the mental linkage of
individual Vorstellungen); this opposes the These of the first
appearance and—by means of the Oberdominani—finds its
Synthese again in the root position tonic. This formation is the

archetype of all musical form. (“Ueber das musikalische Horen,”
52.)31

Though he was thinking function-as-category when he analysed the
grofie Cadenz, Riemann nonetheless confounded category with chord.
This was an inevitable consequence of presuming a structural archetype to
begin with. On one hand, function “interpreted” the cadence: Categories

were distinct from chords and Riemann could call any chord (or group of

30 Riemann, “Musikalische Logik,” 280. |Ich sehe in diesem zweiten Auftreten der Tonika
den Quintbegriff (Diese Ausdriicke sind in Anschlu8 an Moritz Hauptmann gewihlt) der
sich dem Einheitsbegriff des ersten Auftretens entgegensetzt, und der seine Terzeinigung
durch die Oberdominant wieder in der Tonika findet, die nun wieder in der Grundlage
erscheint. Diese Gestalt ist der Typus aller musikalischen Form.]

31 Riemann, “Ueber das musikalische Ho